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PrefaceThis is my masters thesis. I have written it in the period of December 1995 untilAugust 1996.In this thesis we present a parallel minimum degree algorithm. The minimumdegree algorithm is a algorithm that reorders the columns of a symmetric positivede�nite matrix and tries to minimize the �ll in one gets during Choleski factori-sation. We used the BSP model ([11], [3]) for analyzing the costs and the OxfordBSP library for building the parallel program.As a preliminary study we �rst build a sequential program using a couple of theacceleration techniques described in ([4],[8]).In the �rst chapter we explain Choleski factorisation and the connection betweensymmetric matrices and undirected graphs. We also present the basic minimum de-gree algorithm and describe some of its acceleration techniques. The second chapterdescribes the sequential data structure we used and the separate program functionswe used in our program. Furthermore we present an alternative data structureand the results of our implementation on several matrices. In chapter three wedescribe a parallel data structure and give a description of the program functionswe use. Furthermore we give a cost analysis of the functions and the results of ourimplementation on di�erent numbers of processors.
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Chapter 1Introduction1.1 Choleski factorizationSolving symmetric positive de�nite systems Ax = b is a problem which arises invarious applications. Here A is a symmetric positive de�nite matrix, b a vectorand x the unknown vector. One way to solve this problem is by factorization ofthe matrix A = LLT . Here L is a lower triangular matrix, with non zeros on thediagonal. This factorization is unique (see [5] p. 141). With this information onecan derive a simple algorithm for �nding L. Let's say that we have found the �rstk columns of L. So we have found the entries li;j 0 � i < n, 0 � j < k, with li;j = 0if j > i. We now want to �nd the (k + 1)'th column of L, which are the entries li;kk � i < n. We can do this by analysing the factorization LLT = A and derivingthe following relations between the entries of L and A :kXp=0 l2k;p = ak;k ) lk;k =vuutak;k � k�1Xp=0 l2k;p (1.1)kXp=0 li;plk;p = ai;k ) li;k = ai;k �Pk�1p=0 li;plk;plk;k i > k (1.2)This leads to the following simple algorithm for Choleski factorization:FOR k=0..(n-1)lk;k =qak;k �Pk�1p=0 l2k;pFOR i=k+1..(n-1)li;k = ai;k�Pk�1p=0 li;plk;plk;kAlgorithm for Choleski factorizationIf we subtract two real numbers from each other that both are nonzero, we will makethe assumption that the outcome will never be zero. The number of times that itbecomes zero is small compared to the number of subtractions, since a subtraction1



of two real numbers only becomes zero if both numbers have the same 
oating pointrepresentation. Even if this happens, one can ask the question: Is this because ofroundo� errors or not? Looking at the algorithm for Choleski factorization above:if ai;j 6= 0 with j < i then li;j 6= 0. We thus de�ne �ll in to be these entries li;j,i > j, of L such that ai;j = 0^ li;j 6= 0. Furthermore, the k'th pivot is that columnin matrix A that is not in the Choleski factorization yet, which will be used in thek'th step of the algorithm. In the above algorithm the k'th pivot is the k'th columnof A.1.2 Sparse Choleski factorizationIn many problems A is a sparse matrix. For example ten percent of the entriesmaybe nonzero. It would be nice if the lower triangular matrix L has that sameamount of sparsity (in the lower triangular part). This would give us an advantagein processing time, storage capacity and numerical stability. The sparsity of Ldepends strongly on the permutation of the columns of A. If A has the followingnonzero structure (x=nonzero), L would have a large �ll in.A = 0BBBBBB@ x x x : : : xx x 0 : : : 0x 0 x . . . ...... ... . . . . . . 0x 0 : : : 0 x 1CCCCCCA (1.3)Using formulas 1.1 and 1.2 li;k with k < i < n and 0 � k < n can only be zero ifai;k = 0 and Pk�1p=0 li;plk;p = 0. Because aj;0 6= 0 in A, lj;0 6= 0 for 0 � j < n. Thismeans li;0 6= 0 and lk;0 6= 0, and thus li;0lk;0 6= 0. This implies Pk�1p=0 li;plk;p 6= 0and thus li;k 6= 0 with k < i < n and 0 � k < n. Since ak;k 6= 0 also lk;k 6= 0.Thus li;k 6= 0 with 0 � k < n and k � i < n. This means that all entries of thelower triangular part of the Choleski matrix L will be nonzero. So the �ll in will beenormous. Using the same techniques as above, it's easy to see that if we permutethe columns of A in the following manner, L will su�er no �ll in.A = 0BBBBBB@ x 0 : : : 0 x0 .. . . . . ... ...... . . . x 0 x0 : : : 0 x xx : : : x x x 1CCCCCCASo we hope to �nd a permutation matrix P such that if we factorize PAPT , L willsu�er minimum �ll in.1.3 Graph representationTo get a better understanding of the �ll in, we will now look at the matrix A as agraph. A is an n�n matrix. Every column represents a vertex in graph G. Column2



i is identi�ed with vertex vi in graph G. There is an undirected edge between vertexvi and vertex vj if and only if i 6= j and ai;j 6= 0. We obtain the following graphG(V;E): V = fv0; v1; :::; vn�1g and E = f(vi; vj) j ai;j 6= 0 ^ i 6= jg. Furthermore,the degree of a node vi is the number of neighbours in graph G. We can on theother hand rewrite A like: A = � d zTz B � :Here, B is an (n � 1)� (n� 1) matrix, d 2 <, z 2 <n�1.We now can factorize A like:� d zTz B � = L00BBB@ 1 0 : : : 00... B � zzTd0 1CCCALT0 ; (1.4)such that L0 = 0BBBBBB@ pd 0 : : : : : : 01 0 : : : 0zpd 0 . . . . . . ...... . . . . . . 00 : : : 0 1 1CCCCCCA :Here, the �rst column of L0 is the �rst column of L. The next column of L canbe found by factorizing matrix B � zzTd , the same way as A. This will result in aproduct of three matrices: B� zzTd = L1CLT1 . Here L1 is a (n�1)� (n�1) matrixin which the second upto the (n � 1)'th diagonal entry is 1, and with the samestructure as L0. The �rst column of L1 is the second column of L (the i'th columnof L has (n � i + 1) entries because we do not count zeros). We can repeat theprocedure with the (n�2)� (n�2) submatrix of C, and thus �nd the third, fourth,... n'th column of L in this order. To avoid �ll in in the Choleski factorization, theentries which are zero in B should remain zero after computing the �rst column ofL by (1.4) . Because for the second column of L we will factorize B � zzTd and the�rst column of L1 is the second column of the Choleski factor L. When is an entry(i; j) from matrix B � zzTd nonzero? This is the case when bi;j 6= 0 (bi;j is an entryfrom B) or (zi 6= 0 ^ zj 6= 0). If we look at the matrix interpretation, �ll in occursat entries: fbi;j j bi;j = 0 ^ ai;0 6= 0 ^ aj;0 6= 0g. After the factorization in (1.4) wewill proceed with the smaller matrix B � zzTd to �nd the next column of L. If welook at graph G(V;E) induced by matrix A, the following operations will be donewhen we use the �rst column of A as the �rst pivot:G0(V0; E0) = G(V;E)E1 = (E0 n f(v0; vj) j (v0; vj) 2 E0g)Sf(vi; vj) j i 6= j ^ (vi; v0); (vj ; v0) 2 E0gV1 = V0 n fv0gUse the new graph G1(V1; E1) in pivoting the next column/node.3
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1 Figure 1.1: The e�ect of �ll inG1 is the same as the graph induced by matrix B � zzTd (only the indices di�er). Ifwe repeat the factorization with B � zzTd , and we repeat the above procedure withv1, graph G2(V2; E2) is the graph induced by the submatrix of C. In general onecan say that using the k'th column from A as the k'th pivot for Choleski factoriza-tion implies the following operations on graph Gk�1, such that Gk equals the graphinduced by the remaining submatrix:Ek = (Ek�1nf(vk�1; vj) j (vk�1; vj) 2 Ek�1g)Sf(vi; vj) j i 6= j^(vi; vk�1); (vj; vk�1) 2Ek�1gVk = Vk�1 n fvk�1gUse the new graph Gk(Vk; Ek) in pivoting the next column/node.The amount of �ll in when pivoting a column/node is exactly equal to the numberof edges one has to insert to connect the former neighbours to become a clique (aclique is a set of nodes that are completely connected). So the order in which youpivot the columns can have a dramatic e�ect on the overal �ll in. If we �rst pivotcolumn/node 1 in �gure (1.1) then there is a large �ll in. Equation (1.3) shows thestructure of the matrix that induced the graph in �gure (1.1).The �ll in would be zero if we would �rst pivot the columns/nodes 2,3,4,5 or 6. Sowhat we need is a permutation of the columns that minimizes the �ll in. Unfortu-nately this problem is NP-complete (see [12]), so that the best we can do is to �ndan approximate minimum.1.4 Minimum degree algorithmOne of the approximation algorithms for this problem is the minimum degree algo-rithm. This algorithm works as follows:
4



G0(V0; E0) = Gk = 0WHILE (k < n) DOfSelect minimum degree node v 2 Gk(Vk; Ek)Ek+1 = (Ek n f(v; vi j (v; vi) 2 Ekg)Sf(vi; vj) j i 6= j ^ (v; vi); (v; vj) 2 EkgVk+1 = Vk n fvgk = k + 1gWe start with the initial graph G = G0 induced by the n� n matrix A. We searchfor the node with minimum degree, remove it and connect all its neighbours witheach other, so that they form a clique. This is our next graph G1. We repeatthis procedure on G1 and so forth until we obtain graph Gn�1 which contains onenode. The sequence of nodes we get from this, is the order in which we haveto pivot the columns of our matrix A. The idea behind this heuristic is that ifwe eliminate a node that has minimum degree, the number of edges we have toinsert to connect its neighbours is low. Because inserting an edge means �ll in inthe Choleski factorization, one hopes that the total �ll in stays low. The graphsG0; :::; Gn�1 are called elimination graphs. If one implements this heuristic ona computer the degree update (calculating Ek+1 in the above algorithm) of theneighbours of the eliminated node is the most time consuming part. There are acouple of acceleration techniques to speed up the algorithm. We will discuss severaltechniques. For more detailed information about these techniques see [4] and [8].1.5 Acceleration techniquesWe shall use the notation AdjG(v) to refer to the nodes adjacent to v in elimina-tion graph G. Furthermore, v 62 AdjG(v). The degree of node v is denoted byDegreeG(v), which is simply j AdjG(v) j. First we will derive a theorem which willhelp us in describing some of the acceleration techniques.De�ne: x � y in G, fxgSAdjG(x) = fygSAdjGIf two nodes have this property we say that x and y are indistinguishable in G.Note that if x � y in Gi and x; y 2 Gj with j > i then x � y in Gj.De�ne: Kjx = fyjx � y in Gi ^ y 2 Gjg for j � i.Let z 2 Kjx be a node of minimum degree in elimination graph Gj that we eliminateto get graph Gj+1.Lemma 1.1 All nodes in Kjx have minimum degreeproof: Let y 2 Kjx then y � z and DegreeGj(y)= jAdjGj (y)j= jfygSAdjGj (y)j�1=jfzgSAdjGj (z)j � 1= jAdjGj (z)j= DegreeGj(z).Lemma 1.2 (y 2 Kjx ^ y 6= z)) DegreeGj+1 (y)= DegreeGj (y) � 15



proof: DegreeGj+1(y)=jAdjGj+1 (y)j= jAdjGj (y) n fzgSAdjGj (z) n fygj=j(AdjGj (z)Sfzg n fyg) n fzgSAdjGj (z) n fygj= jAdjGj (z) n fygSAdjGj (z) n fygj=jAdjGj (z) n fygj= jAdjGj (z)j � 1= DegreeGj (z)� 1= DegreeGj (y) � 1Lemma 1.3 If the minimum degree in elimination graph Gj is dj then the mini-mum degree in graph Gj+1 is greater than or equal to dj � 1proof: We eliminate one node, so the degrees of the remaining nodes can only de-crease by one in Gj+1.Above lemma`s lead to the following theorem:Theorem 1.1 Let z 2 Kjx be a minimum degree node in elimination graph Gj.Then all nodes in Kj+1x have minimum degree in Gj+1.Corollary 1.1 We can choose a minimum degree node in Gj+1 from the set Kj+1x .Because all nodes in Kj+1x have minimum degree in elimination graph Gj+1 we canapply above lemma`s again to Kj+1x . This leads to the next corollary:Corollary 1.2 If z is a minimum degree node in Kjx then this set can be selectednext in any order in the minimum degree algorithm.1.5.1 Mass eliminationAbove lemma's and theorem say that if we have found a node z of minimumdegreein elimination graph Gi and we have found the set Kiz then we can eliminate thesenodes next in any order. The advantage of this is that we only have to do a degreeupdate after we eliminated the set of nodes. Usually we had to do a degree updateevery time we eliminated one node. Thus we are saving on the numbers of degreeupdates. Of course one has to �nd the set Kiz but the cost of �nding this setis usually smaller than the costs of doing a degree update every time a node iseliminated. The process of �nding such a set Kiz if we have found node z is calledmass elimination.1.5.2 Indistinguishable nodesIf nodes are indistinguishable from each other this can save us a lot of work. Sincethey all have the same degree in the elimination graphs they can be eliminatedtogether as soon as one of them has minimum degree (because then they all haveminimum degree). Another advantage of using indistinguishable nodes is that ifwe perform a degree update we only have to perform it on one representative ofthe nodes which are indistinguishable from each other. This can save a lot ofwork, since an degree update is expensive. A set of indistinguishable nodes is alsocalled supernode, because di�erent nodes are treated as one node (you only have tomanipulate the representative).1.5.3 Clique representationInstead of explicit storage of an adjacency list for each node, we can store cliquesof the elimination graph in such a way that we can reconstruct the adjacency lists6



of the remaining nodes. Initially we start with graph G(V;E) and the followingcliques: K01 ;K02 ; :::;K0jEj. Every clique consists of two nodes vi and vj such that(vi; vj) 2 E, and no two cliques are the same. Every time we eliminate a node wemerge all the cliques that contain this node together and create a new clique withoutthis node. If at a certain moment we merge cliques K0; ::;Kp such that they allcontain the node y to be eliminated next , then y 2 Tpi=0Ki. If K = Spi=0Ki n fygthen Ppi=0 jKij � jSpi=0Kij > jKj. This means that the amount of storage wewill need for our cliques will decrease during execution of the algorithm because wedon't have to store cliques K1; ::;Kp anymore. Furthermore, if we want to �nd theadjacency list of a node y, then we can calculate it by AdjG(y) = S(Kijy 2 Ki).1.5.4 Element absorptionAnother acceleration technique is element absorption. If we work with a cliquerepresentation, we can reconstruct the current elimination graph by connectingnodes i; j if and only if there is a clique K such that i; j 2 K. If we have cliquesK1 and K2 such that K2 � K1, all information from K2 needed for reconstructingthe elimination graph is also contained in K1 because i; j 2 K2 ) i; j 2 K1. Thismeans that if we want to reconstruct the current elimination graph we don't needclique K2 anymore. So we can remove K2. One can say that clique K1 absorbedclique K2. The advantage of such an action is that it will reduce overhead. Thismeans that if we want to reconstruct an adjacency list of a node in the currentelimination graph we probably have to traverse fewer cliques. Element absorptionthus can speed up the degree update part in the minimum degree algorithm. Forexample, if we have cliques (1,4),(1,4,3,5), (3,5), then cliques (1,4) and (3,5) can beabsorbed by clique (1,4,3,5).1.5.5 Multiple eliminationBecause a degree update is the most costly part of the minimum degree algorithm,one wants to postpone this work as much as possible. One way of doing this is bymultiple elimination. If one eliminates the minimum degree node y at some stageof the algorithm, then only the degrees of Adj(y) can change. Because of that, wecan eliminate another node x 62Adj(y) which has the same degree as y. In generalone can �nd a set M of nodes that all have minimumdegree and are not neighboursof each other, and eliminate them in one step. After that one can perform a degreeupdate on all neighbours of the set M ; these neighbours are elements of the newlyformed cliques. If one uses this technique, the ordering one gets will slightly di�erfrom the genuine minimum degree ordering but it can save some time in the degreeupdate. The gain is in common neighbours of nodes to be eliminated. For example,if we have the elimination graph of �gure (1.1) and we eliminate simultaneouslynodes 2,3,4,5 and 6 we only have to do one degree update on node 1.
7
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Chapter 2Sequential minimum degreeIf we do not take the acceleration techniques into account, at every step of the mini-mum degree algorithm, a node of minimumdegree is eliminated, and its neighboursbecome a clique afterwards. This means that the data structure has to keep trackof the degrees of the remaining nodes. This is only possible if we can reconstructthe adjacency lists of the remaining nodes, whose lists change during the process,because at every step nodes are eliminated and cliques are formed. A naive ap-proach would be to keep track explicitly of the adjacency lists of all the nodes thatstill have to be eliminated. If node y is eliminated next, all neighbours of y add totheir adjacency list the list of y, and then subtract y itself. So the degrees of theneighbours of y will change; they are simply recalculated by counting the numberof elements in their new adjacency list. The only problem is that we do not knowhow large these adjacency lists will become. At most we will need O(n2) storagecapacity if we start with n nodes. This can happen if the adjacency lists of theremaining nodes grow too fast. So we don't know in advance how much storagecapacity we need. We do know an upper bound, namely O(n2). Our desire is to�nd a data structure which starts with a minimal amount of memory, and whichdoes not need more memory during the execution of the algorithm. Furthermore,the minimum degree algorithm takes n steps (since we have n columns). Everystep should take a constant amount of time, let's say O(c2). Here c is the averagedegree of a vertex of the graph induced by matrix A. The reason for this is thatthe algorithm for sparse Choleski factorization takes O(d2n) time, with d the max-imum number of non zeros in a column of the Choleski factor. If the preprocessingalgorithm takes more time, then there will be hardly any speedup compared to theCholeski factorization without preprocessing. It should be noted however, that theconstant factor d can be much smaller if one executes a preprocessing algorithm�rst. So it might be better to use a preprocessing algorithm even if it takes moretime than the Choleski factorization itself.We will now give a description in pseudo C of the data structure we want to use inthe sequential minimum degree algorithm, using cliques described in the previouschapter. Our data structure consists of two parts:part 1: a structure which represents the cliquespart 2: a structure which keeps track of the degree of the remaining nodes in theelimination graph 9



2.1 Clique structureCliques will be created dynamically and they will be arrays of int, in which everyinteger represents a node. Because we have at most jEj cliques (we start with jEjcliques and their number only decreases ), we will need at most jEj variables fordynamically creating cliques. Thus we need an array of pointers to int of length jEj:int *Cliques[jEj]When we create a new clique K with jKj elements, we create a new array withthe help of an entry from Cliques:Cliques[i]= new(int[jKj])We also keep track of the length of the cliques by using an array:int Length[jEj]In this case Length[i]=jKj. We will need the length if we traverse a dynamically cre-ated clique. It should be noted that the above data structure for creating cliques cangive some problems in using computer memory. When we merge cliquesK0; :::;Kp�1to become a new cliqueK then jKj � jKij�1 for all i 2 f0; :::; p�1g. So the amountof dynamically allocated memory for cliqueK will usually be larger than the amountof memory used by a clique Ki with i 2 f0; :::; p� 1g. Cliques Ki, i 2 f0; :::; p� 1g,will be removed and clique K will be inserted. So one frees the memory used bycliques Ki, i 2 f0; :::; (p� 1)g. If this free memory is not reused, then we have toallocate an entirely new part of the memory for inserting clique K. Because ouralgorithm creates at most n new cliques (initially we have n vertices), the worstcase is that we have to allocate n times an entirely new part of the memory forthe new cliques. The question is: how much memory do we have to allocate inthe worst case? The new clique created has the size of the minimum degree di�1in the current elimination graph Gi. Since we have at most n elimination graphs(G0; :::; Gn�1), the amount of memory we have to allocate extra in the worst casewill be Pn�1i=0 di. This equals the number of non zeros in the Choleski factor L.Furthermore, we have the data structure:structure Placefint CliqueNamePlace *NextgPlace *Location[jV j]Index i in array Location matches node i. Location[i] is the header of a linkedlist Place which tells us in what cliques node i is contained in the current elimina-10



tion graph. When we eliminate a node, we need all cliques containing that node.This can be done by traversing all cliques to see if they contain this node. But suchan operation will cost 
(n) time, which is too much. Instead we use Location[i] tolocate all cliques containing node i2.2 Degree structureThe next thing we want, is a data structure which keeps track of the degrees of thenodes in such a way, that we can �nd the minimum degree node in at most O(c2)time. We use an array of length n in which index i matches node i. We use thefollowing declaration for it:structure Vertexfint NextNode, PrevNode /* 0 � NextNode,PrevNode< n */int Degreeint SNL /* SuperNodeList */gVertex Vertices[n]Vertex[i].Degree tells us the degree of node i in the elimination graph. If node iand node j have the same degree then Vertices[i] and Vertices[j] are elements of thesame cyclic double linked list, induced by integers NextNode and PrevNode. SNLis used when we have indistinguishable nodes or supernodes. Suppose we have asupernode i. All indistinguishable nodes j in this supernode which are not the rep-resentative i have instead of the degree in their Vertices[j].Degree the number �i.It gives us the representative (namely i), and tells us that we do not have to updatethis node because of the negative number. The integer SNL is used to create asingle linked list of indistinguishable nodes which are contained in one supernode.We have another array of length l (with l a parameter), in which every entry icontains a node of degree i if there is a node left with this degree in the currentelimination graph.int Degrees[l]If we expect the degrees of the nodes to be less than 12n, then we can choosel � 12n. If we want to �nd a node that has degree i at that moment we can usearray Degrees to �nd such a node in O(1) time. If we keep track of the minimumdegree during the execution of the program we can also �nd a minimumdegree nodein O(1) time. We do this in the following way: If we do a degree update and a nodehas a smaller degree than the minimum degree then this degree becomes the newminimum degree. This means that if we want to �nd the minimum degree node weeither have it already (using array Degrees) or we have to traverse the array Degreesfrom the index of the previous minimum degree up to the next index that is thedegree of a node in the current elimination graph. Since the minimum degree canonly decrease by one if we eliminate a node, the minimum degree can only decreasen times by one during the execution of the algorithm. Since the minimumdegree in11
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Figure 2.1: Example of data structure representationGn�1 is always zero, the number of times the minimumdegree increases by one stepis at most n (what goes up must come down). Therefore the amount of time we needto search for the minimum degree if we only have the previous minimum degree isO(n) during the execution of the algorithm. This means that we need O(n) timeduring the execution of the algorithm to �nd the minimum degree node. Since wehave n nodes at the start of the program this implies that we need on average O(1)time to �nd the minimum degree node in the current elimination graph.Suppose there are nodes left in the eliminationgraph which have degree dj. Degrees[dj]gives us an index k, such that Vertices[k].Degree=dj. If the minimum degree in theelimination graph is dj, then we want to eliminate a node with this degree. Thismeans removing the cliques which contain this node and merging these cliques toform a new clique without this node and inserting this new clique into the existingdata structure. The node is found using Degrees[dj]. If this is node k then cliquescontaining k can be found by using Location[k] and traversing along the Next point-ers. Figure 2.1 gives an example of the data structure which we just described. Forthis example we use the cliques: (1,2,3), (4,3,0),(5,4),(1,5,3)12



2.3 Program functionsWewill now give a description of the functions we will use in the sequential minimumdegree algorithm. For this we use a kind of pseudo programming language. In allfunctions we will use the data structure described above. We will use the termsupernode frequently. A supernode is a representative of a set of nodes that haven'tbeen eliminated yet and are indistinguishable from each other. The advantage ofsupernodes is that we only have to manipulate these nodes instead of manipulatingthe set they represent. Initially all nodes are therefore supernodes because theyrepresent themselves.First we introduce some notation for these functions. Initially, we start with jEjcliques, each consisting of two nodes. We therefore introduce the set of cliques:Cliques=fK0;K1; :::;KjEj�1gDuring the execution of the algorithm some cliques can grow in size and othersmay become empty. For example, if we merge cliques Ki and Kj , then our newclique can have cliquename Ki because we do not need clique Ki anymore. So wecan overwrite the old clique: Ki = KiSKj and Kj = ;. At every stage in thealgorithm cliquenames representing the current elimination graph are a subset ofthe cliquenames of Cliques.Furthermore, we have sets Locationi which are sets of indices �(i; 0);�(i; 1); :::�(i; pi�1) such that i 2 K�(i;0);K�(i;1); :::;K�(i;pi�1). If i 2 Kr then r 2Locationi.Degreei is the degree of node i which is not yet eliminated and which is a supernode.We will use a couple of basic operations in our minimum degree algorithm. Theseoperations are: Merge, DegreeUpdate, MassElimination, and MultipleElimination.2.3.1 Mergef Given a set S of nodes with minimumdegree which are indistinguishable and haveto be eliminated. We merge all cliques containing at least one of the nodes of S. Vis the set of cliques of nodes that need a degree update and N is the set of nodesthat are already eliminatedgK = ;for all i 2 S dofor j = 0 to pi � 1 do beginif delete�(i;j) = 0 thendelete�(i;j)=1if ( i is the supernode) thenK = KSK�(i;j) n Sq = �(i; 0)finsert K in one of the cliques q that have to be removedgKq = Kfor every j 2 K doLocationj=LocationjSf-qgupdatej=TrueV = V Sfqg fset of cliques of nodes that need a degree update gdeleteq = 2 fmark the name of the new cliquegN = N SS 13



The variables update and delete are used for marking nodes and cliques. Because ifwe want to perform a degree update we only have to update the nodes marked inupdate. We �nd these nodes using the set V , which contains cliquenames of newlycreated cliques whose nodes need a degree update. N is the set of nodes that haveto be eliminated. In creating clique K we only have to use cliques that contain thesupernode. Because merging all cliques that contain at least one node from S is thesame as merging all cliques that contain the supernode from S. But we also have tomark the cliques that only contain nodes from S that are not supernodes, becausewe want to eliminate these cliques too. The variable delete marks cliques whichhave to be removed/emptied. We give deletei with i = q the value 2. This meansthat Ki is a new clique and does not have to be removed/emptied. Furthermore, weinsert in each set Locationj of the nodes j from the new clique an index �q, whereKq becomes the new clique. We do this because the new clique Kq overwrites theold clique Kq . Some nodes in the new clique already contain this index q and somedo not. Therefore we insert the negative index of the new cliquename. Otherwisewe had to check if a set already contained index q or not. When we perform a de-gree update we make sure that a set never contains a negative and a positive valueof a cliquename. If we have done a couple of Merges on sets of nodes S1; S2; ::; Slsuch that SiTSj = ; for all i 6= j and SiT Adj(Sj) = ; for i 6= j, we can do andegree update. We could also update the degrees after each Merge, but since degreeupdates are expensive we postpone this work as much as possible.2.3.2 DegreeUpdateIn DegreeUpdate we perform a degree update on all supernodes of the newly createdcliques. All these cliques are contained in set V . Some new cliques contain the samenodes. Because of that we use the array update to check if we have not alreadyupdated the degree. If this is not the case then we check if the node is a supernode.Because if it is not a supernode then we do not have to do a degree update on thisnode because we update the representative of this node (namely the supernode).If node j is a supernode, we will check set Locationj. All cliquenames in this setthat are marked nonzero in array delete have to be deleted. Because these arethe cliques that were used in making new cliques in function Merge. Furthermore,we change the negative integers to positive integers. So if Locationj contains anegative cliquename �i then it becomes i. We do this because in function Merge weinserted the negative cliquename of the newly created clique. After that the degreeof supernode j is the cardinality of the union of all cliques whose cliquenames arecontained in set Locationj . After this we eliminate all cliques which where usedin making the new cliques. For this we use the set N . We want to eliminate allcliques containing at least one of these nodes. These cliques can be found in thesets Locationi : i 2 N . We only delete cliques j such that deletej=1, because ifdeletej=2 then we inserted a new clique on that position. After this we can emptyV and N for the next elimination round.14



f V contains indices of cliques whose supernodes need a degree update. N is theset of nodes which have to be removed.gfor every i 2 V dofor every j 2 Ki doif (updatej = True) thenupdatej = Falseif (j is a supernode) thenLocationj=Locationj n flj deletel > 0 ^ l > 0gchange all negative indices to positive in LocationjDegreej=jSpj�1z=0 K�(j;z)jfor every i 2 N do beginfor every j 2Locationi doif (deletej = 1) thenKj = ;deletej = 0N = ;V = ;2.3.3 MultipleEliminationf Let i be a node of minimum degree di. MultipleElimination will create a set Mof nodes with minimum degree in the current graph such that i 2 M and for allq; k 2M : k 62 Adj(q) gcompatible=TrueM = figfor all fjjDegreej = di ^ j 6= ig doq=0compatible=Truewhile (q < pj and compatible=True) dofcheck if the new node contains one of the nodesfrom set M in its adjacency listgif (K�(j;q)TM 6= ;) thencompatible=Falseq = q + 1if compatible=True thenM = M SfjgSo multiple elimination �nds a set of nodes that are not neighbours of each other.This function searches for other nodes that also have minimum degree di. But ifwe want to �nd a larger set M we can introduce a parameter � such that � � 1and check all nodes that have a degree which is less than �di to to form a set M .Using such a parameter, we can �nd larger sets M and thus eliminate more nodesper elimination step. This can increase the speed of our algorithm. However, if wechoose � too large then it can in
uence the quality of our ordering in a negativeway. 15



2.3.4 MassEliminationf i is a node with minimumdegree, and you want to �nd the neighbours of i whichare indistinguishable from i. S is a set of indices, such that i 2 S. Adj(i) is theadjacency list of i. The adjacency list of i can be reconstructed by taking the unionof all cliques in which i is contained. We can do this by marking the positions ofthe clique elements in an array. gD = ;for c1 = 0 to pi � 1 dofor every k 2 K�(i;c1) doif k 62 D and k a supernode thenIndistinguishable=Truec2 = 0while c2 < pk and Indistinguishable=True dofor every q 2 K�(k;c2) doif q 62Adj(i) thenIndistinguishable=Falsec2 = c2 + 1D = DSfkgif Indistinguishable=True thenS = SSfkgDegreek = �iinsert SNL list k in SNL list from iD = ;We thus check the adjacency list of node i to see if its neighbours are indistin-guishable from i. We insert these indistinguishable nodes in set S. The degreeof these nodes will get value �i. We do this so we know that these nodes are notsupernodes and have representative i. Furthermore, we use a set D to make sure wedo not check the same node twice for indistinguishability. D can be implementedby using an array of length n with n the size of the matrix and marking all indicesin this array that are contained in D.2.4 Alternative: a static data structureInstead of using the above data structure we can also use a slightly di�erent oneto represent cliques. The structures Vertices and Degrees however stay the same.Instead of using the structures Location, Length and Cliques we can use the followingstructures:structure Elementfint PrevNode,NextNodeint Nodeint PrevCliq,NextCliqgstructure Element Clique[2jEj] 16
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Figure 2.2: An alternative data structureint Location[jV j]Clique is an array of length 2jEj, because initially we have jEj edges. Clique[i].Noderepresents a node in the current elimination graph or it is empty. This node iscontained in several cliques. These cliques can be found by traversing PrevCliq andNextCliq, which is a double linked cyclic list. They will point to the same node inanother clique. PrevCliq and NextCliq return an index j in array Clique such thatClique[i].Node= Clique[j].Node. PrevNode and NextNode will give us the previousand next node in a clique. They also form a double linked cyclic list. For exam-ple, if we have cliques (1,2,3),(4,3),(0,4) and (1,0,3) then array clique can look like�gure (2.2). If we know Clique[2].Node=3, we can �nd all cliques containing node3 by y=Clique[2].NextCliq, and Clique[y].NextCliq. If we want all elements whichare also contained in the same clique as Clique[2].Node then we can �nd them byy=Clique[2].NextNode. In this case the clique has two nodes, which are node 3and Clique[y].Node=4. Thus if we know an index k such that Clique[k].Node=i, wecan �nd all cliques containing node i and all nodes contained in these cliques. Wetherefore also need an array which gives us such an index. For this we use the arrayLocation. Location[i] gives us an index k in array Clique such that Clique[k].Node=i.We will now look to the amount of storage both data structures need. Both datastructures need an array Vertices of length jV j and an array Degrees of length jV j.Array Vertices needs 4jV j of storage because we store 4 items per index in it. ArrayDegrees needs jV j of storage. Thus a total of 5jV j storage. We now look at thestatic data structure. For array Clique we will need 5 � 2 � jEj of storage. ForLocation we need jV j. Thus a total of 10jEj + jV j + 5jV j. For our previous datastructure we have an array Cliques of length jEj, that contains jEj cliques of sizetwo (so 2jEj storage). Furthermore, we need an array Location of size jV j and alinked list Place which contains 2jEj entries in the beginning and of course 2jEjpointers. And we need an array Length of size jEj for storing the length of thecliques. Because we designed our data structure in such a way that the amount of17



storage only decreases during the execution of the algorithm, this is the maximumamount of storage we need. Adding this up we have a total of 7jEj+ jV j + 5jV j.If we take into account our worst case analysis of the extra use of memory becauseof the dynamical creation of cliques, then the total amount is: 7jEj+6jV j+Pn�1i=0 di.The question is: Which data structure is the best to use implementing the minimumdegree algorithm? Without the worst case analysis the dynamical data structurewill have less storage capacity. But the alternative data structure makes better useof memory. Using the dynamical data structure one has to allocate and free parts ofthe memory frequently when creating new cliques. These operations cost time. Theother data structure does not have this problem because it uses arrays of a certainlength which were allocated at the beginning of the program. When we create anew clique using the dynamical data structure we �rst have to allocate memory forit, before inserting the new clique elements. Furthermore, we have to insert thenew cliquename in the array location for every clique element. This means that wehave to allocate memory again. If we insert a new clique in the other data structurewe only have to insert the new clique elements in the existing array. For everynew clique element we have to adapt PrevNode, NextNode, Node, PrevCliq andNextCliq. This means �ve operations per new clique element. It all depends onhow e�cient a computer allocates and frees memory. Our feeling is that allocatingmemory will be much more expensive than manipulation of static arrays. Whichmeans that implementing the minimum degree algorithm using static arrays willprobably yield a faster sequential program.Because we used the sequential programs as a preliminary study for our parallelprogram we choose for the dynamical data structure. The reason for this choiceis as follows: when we build a data structure for the parallel program we want touse parts of the sequential data structure. The easiest thing to do if we have pprocessors, would be to divide the sequential data structure over the p processors.Usually this is not possible. But using the sequential data structure as a startingpoint for the parallel data structure is a strategy that is used often. The mostimportant thing in the parallel data structure is how to distribute the cliques. Ifwe look at the static data structure, an idea we could derive from it is to allocatearrays at the beginning of the program in all processors for storing cliques. Butduring the execution of the program cliques can grow in size. Thus the questionarises: how large should these arrays be? We know that the amount of storage forthe cliques will never exceed 2jEj. But locally cliques or part of cliques can growin size and can not be stored locally in the processor anymore because the staticarrays per processor are too small. A solution for this problem would be to allocate2jEj memory per processor for the cliques. But then we would allocate globally toomuch memory compared to the amount of data we have. Another solution wouldbe if a clique or a part of a clique can not be stored locally anymore, to store therest of it somewhere else (another processor). But this will give rise to complicatedstorage schemes which in principle could be implemented but one can ask oneself ifthis can be done e�ciently. Because in the dynamical data structure one dynami-cally creates cliques one does not have the limitation of arrays which are too small.Our feeling is that using this data structure as a starting point for our parallel datastructure instead of the static data structure will help us more in building a paral-lel data structure. For that reason we have implemented the sequential minimumdegree algorithm using the dynamical data structure.18



2.5 ResultsWe have implemented the above sequential minimumdegree algorithm and tested iton several matrices of the Harwell-Boeing collection. We used six di�erent minimumdegree programs. The programs di�er only in the use of acceleration techniques.All programs use the same dynamic data structure as described above. We usedthe following programs:program masselimination multipleelimination indistinguishablenodesmdegbas no no nomdeg4 yes no nomdeg5 yes yes, with mini-mum degree nomdeg6 yes yes, with mini-mum degree yesmdeg7 yes yes, with 2�minimumdegree nomdeg8 yes yes, with 2�minimumdegree yesAll programs check if the degree of the minimum degree node is one less than thenumber of remaining nodes in the elimination graph. If this is the case we do nothave to proceed with the algorithm and can select these nodes in an arbitrary se-quence.We tested the programs using the following symmetric matrices from the Harwell-Boeing collection: matrix size non zeros1138bus 1138 2596bcsstm13 2003 11973bcsstk28 4410 111717lshp3466 3466 91392bcsstk13 2003 42943bcsstk18 11948 90346bcsstk25 15439 172528bcsstk17 10974 228748We tested every program on every matrix �ve times. Every time we permutedthe columns (rows) of the input matrix randomly to see if the �ll in would changedrastically. On the same matrix we used the same permutations for every program.In that way we can compare the di�erent versions of the minimumdegree algorithm.Although we permuted the matrices �ve times for every program, the amount of �llin did not change drastically. So we will only show the minimum time (min time)19



used by a program for every matrix with its �ll in and also the maximum time(max time). Time is measured in seconds and is the total time for the program toexecute. We have tested these programs on a Sun sparc 10 with 32 MB internalmemory. For the bigger matrices we could not always calculate the �ll in becausethe computer ran out of memory and our program for calculating the �ll in is notmemory e�cient. matrix min time max time �ll in1138bus 0 0 3260bcsstm13 15 17 51897bcsstk28 175 239 368893lshp3466 15 19 90940bcsstk13 182 226 275742bcsstk18 298 704 723171bcsstk25 1994 2560 ��bcsstk17 823 1086 781604mdegbasmatrix min time max time �ll in1138bus 0 0 3260bcsstm13 3 4 50710bcsstk28 23 30 354157lshp3466 3 4 88420bcsstk13 20 25 276478bcsstk18 78 101 723157bcsstk25 465 633 ��bcsstk17 81 112 752375mdeg4matrix min time max time �ll in1138bus 0 0 3257bcsstm13 3 4 51292bcsstk28 23 29 357262lshp3466 3 4 91392bcsstk13 19 25 277868bcsstk18 52 68 740917bcsstk25 139 180 ��bcsstk17 74 102 741436mdeg5matrix min time max time �ll in1138bus 0 0 3257bcsstm13 4 5 51292bcsstk28 21 26 358234lshp3466 3 4 93273bcsstk13 21 26 277868bcsstk18 62 83 719540bcsstk25 153 205 ��bcsstk17 69 94 735808mdeg620



matrix min time max time �ll in1138bus 0 0 3337bcsstm13 2 3 56716bcsstk28 22 26 390340lshp3466 3 4 99458bcsstk13 16 21 289634bcsstk18 40 52 768947bcsstk25 92 124 ��bcsstk17 63 89 821854mdeg7matrix min time max time �ll in1138bus 0 0 3344bcsstm13 3 3 59812bcsstk28 20 25 390868lshp3466 3 4 109209bcsstk13 16 20 343066bcsstk18 43 60 >823052bcsstk25 79 105 ��bcsstk17 58 79 909267mdeg8We see that the acceleration techniques speed up the process, even on small matri-ces. But if we look at the di�erent programs using the acceleration techniques wesee that on small matrices the di�erences in time are small. This can be due to thefact that using more acceleration techniques costs time and on small matrices thetime saved by these techniques is almost equal to the time using them. On largermatrices the di�erences in time for di�erent programs are somewhat larger. Herethe costs of using acceleration techniques are smaller than the costs of not usingthem. If we look at the �ll in caused by programs mdeg4, mdeg5 and mdeg6, wesee that the �ll in hardly increases and often decreases compared to the programmdegbas. The programs mdeg7 and mdeg8 do cause an increase in �ll of sometimes10 to 15% compared to mdegbas. This is probably the result of using multipleelimination and selecting nodes that have a degree less than twice the minimumdegree. If we look at the minimum time and maximum time used by the programthen the di�erence in time is sometimes 30% (mdeg7, bcsstk17). We also testedthe MATLAB minimum degree program on the matrices bcsstk28 and bcsstk25.On matrix bcsstk28 the MATLAB program was almost twice as slow (43 seconds)as our program mdeg4, but on matrix bcsstk25 the MATLAB program was twotimes faster (49 seconds) than mdeg7. The reason for this may be the fact that theMATLAB program uses more acceleration techniques (it also uses element absorp-tion and incomplete degree update). On relatively small matrices such as bcsstk28these acceleration techniques take more extra time than the time they save. But onlarger matrices such as bcsstk25 these techniques save some time. Furthermore, weimplemented the minimum degree algorithm using a dynamical data structure andas said before a static data structure might be more e�cient.We put the times of the di�erent programs in a table and indexed the time ofmdegbas as 100. This yields the following table:21



matrix mdegbas mdeg4 mdeg5 mdeg6 mdeg7 mdeg81138bus �� �� �� �� �� ��bcsstm13 100 20 20 26.9 13.3 20bcsstk28 100 13.1 13.1 12.0 12.6 11.4lshp3466 100 20.0 20.0 20.0 20.0 20.0bcsstk13 100 11.0 10.4 11.5 9.0 9.0bcsstk18 100 13.7 9.2 10.9 7.0 7.6bcsstk25 100 23.3 7.0 7.7 4.6 4.0bcsstk17 100 9.8 9.0 8.4 7.7 7.0average 100 15.8 12.6 13.9 10.6 11.3We see that mdeg5 has a lower index than mdeg6 and mdeg7 has a lower index thanmdeg8. This means that using indistinguishable nodes the way we implemented itis less e�cient. On the whole one can say that acceleration techniques can speedup the process, especially when the problem size is large. The larger the problemthe more acceleration techniques one can use to speed up the process. Howeverone has to take into account that certain acceleration techniques create more �llin that slows down the Choleski factorization. Not every acceleration techniquecreates more �ll in. For example mass elimination and multiple elimination withnodes having minimum degree can lead to even less �ll in or only a small increase.
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Chapter 3Parallel minimum degree3.1 IntroductionWe will now describe the data structure for the parallel algorithm. Also we will tryto explain why we choose this data structure. If we build a parallel data structure,there are several things that we have to keep in mind. One of them is the size of thedata structure. If we have p processors and our sequential data structure has sizeD then we do not want the parallel data structure to have size O(pD) for the sameproblems. This is because we want to be able to solve problems of size O(pDmax) orO(ppDmax) where Dmax is the maximumproblem size of the sequential algorithm.This will not be possible if the size of the data structure grows linearly with thenumber of processors. Another aspect is the communication costs. We do not wantthem to be too high.Among the objects that the data structure has to store, are the cliques that arecreated during the execution of the program. There are two ways of storing thecliques: store a clique as a whole on one processor, or scatter the clique over severalprocessors. If we take the �rst possibility, then we have to ask the question: howcan we merge cliques in our parallel computer? What one can do is �rst mergecliques locally (in a processor), scatter the resulting cliques into subcliques (partsof a clique) over several processors, merge these subcliques locally and merge theresulting subcliques in the processor where you want to store the new clique. Thiscan cause quite a lot of communication. An idea one can extract from this is:why don't we scatter the cliques in the �rst place and store them in that way? Ifwe merge cliques together, we can merge sets of subcliques, such that subcliquesfrom di�erent sets are mutually disjoint. We can therefore merge these sets ofsubcliques in parallel, to become subcliques of the new clique. For example, if wehave cliques a and b and subcliques a0; a1; a2; b0; b1; b2 such that a = a0S a1S a2,b = b0S b1S b2, aiT aj 6= ; ) i = j, biT bj 6= ; ) i = j and aiT bj 6= ; ) i = j.Then c = aS b = S2i=0(aiS bi). Let ci = aiS bi. If we allocate ai and bi to proces-sor i 2 f0; 1; 2g, then we can merge a and b in parallel such that c has the samedistribution as a and b and ciT cj 6= ; ) i = j, see �gure (3.1)One advantage of this structure is inherited from the sequential case: on a globalscale we will never need more memory than we need at the start of the algorithm.Locally however this does not have to be the case. Another advantage is that the23
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(6,0,9) (4,7,10) (11,2,5,8)Figure 3.4: Merging subcliques in same processor columnexecution of the algorithm, but we expect that on the average it will behave nicely.There are of course many other distributions possible if you have p processors, butwe think at this point that this is the best alternative.The next question that arises is what is the best choice for M and N if NM = p?We can choose M = N = pp , N = 1 and M = p, N = p and M = 1 or somethingin between. If we choose N = 1 and M = p then we only have one processor row.If we merge cliques then this means only merging the subcliques in the processorand this will result in the subcliques of the new clique. The advantage is that we donot have to send subcliques to another row, and the subcliques per processor willbe small. If we have more rows, then we �rst have to send the resulting subcliquesin the same column to a processor in that column and merge these subcliques tobecome a subclique of the new clique (see �gure 3.3 and 3.4). If we have more rowswe will have less subcliques per processor. But because M becomes smaller (sinceNM = p) these subcliques will be bigger than if N = 1 and M = p. Furthermorecommunication is needed. It looks like N = 1 andM = p is a good choice if we onlyconsider the merging of cliques. But this does not have to be the best choice forthe whole program. We will return to this issue once we have described the paralleldata structure to make clear that N = 1 and M = p does not have to be the bestchoice.3.2 Data structureIn essence we will use the same data structure as we used in the sequential algo-rithm. The only di�erence is that we will now distribute this data structure overNM processors. Furthermore, we are not only dealing with cliques but also withsubcliques. In the sequential algorithm we used an array Cliques for storing theremaining cliques during the execution of the algorithm. If we want to store thesubcliques in the parallel case then because of the distribution of cliques we areguaranteed to have at most jEjN subcliques per processor. But this means we needan array of size jEjN per processor to store the subcliques. As a consequence of thatwe need O(MN jEjN ) = O(M jEj) storage capacity for storing the subcliques. In26



the sequential algorithm we only needed O(jEj) storage. The amount of storageincreases with the number of processors. This is not always bad but it is betterto avoid it. Instead of using an array of length jEjN per processor for storing thesubcliques, we will use an array of length jEjMN . This means that it can happenthat a processor contains more subcliques than the length of the array. Thereforewe use a hashing function on this array to store all subcliques contained by theprocessor. This means that on the same position in the array we can have morethan one subclique of di�erent cliques. We expect that the number of subcliques inthe same processor that is stored in the same position of the array will not be large,for two reasons. In the beginning of the algorithm the cliques will be small. Thismeans that if we scatter a clique over a processor row not all processors in that rowwill contain a subclique of that clique because the clique is small. Furthermore,during the execution the size of the cliques will grow, but also the number of cliqueswill decrease, which lowers the probability of putting two subcliques in the sameposition in an array.We also have to keep track of the degree of the vertices. In the sequential algorithmwe used an array Vertices[SIZE] with SIZE the size of the matrix. Furthermore wealso used an array Location for storing the names of cliques in which nodes are con-tained. Since we have NM processors we will also distribute these two arrays. Wewill locally keep track of the minimum degree. Thus processor p(s; t) knows whichnode in processor p(s; t) is the minimum degree node of the set of nodes stored inprocessor p(s; t). This means that we need an array Degrees (as in the sequentialcase) in every processor to keep track of this. Degrees[i] is a pointer to a linked listof nodes that have degree i. Since this takes too much storage we will use a smallerarray per processor to store this information and we will use hashing on this arrayto store all information in it.It is of course possible not to distribute these arrays and put them all on oneprocessor, because updating these arrays is not the most costly part of the algo-rithm. But the problem we could encounter is that if our input gets too large, therewill not be enough memory on one processor to store these three arrays. Againwe described two extreme cases; there are many other ways of distributing thesearrays, but we will not describe them here. We believe that it is best to distributedata structures and data as much as possible, because if a processor does not haveany data then it can not perform any useful work.As a consequence of what we just said about the data structure, every proces-sor will contain the following data structures:struct Namefint CliqueName;int SClength; /* length subclique */int *SClique; /*subclique itself */struct Name *Next;gThis structure is used for creating a linked list and putting subcliques into thehash array Cliques. Because we can have more than one subclique at the same27



place in the array we will use a pointer structure for this. The subcliques are putinto the following array:struct Name *Cliques[d jEjp e];Here, jEj is the number of edges in the original graph and p is the number ofprocessors . Subcliques are put in the array Cliques as follows: If we have a clique ithen this clique will be put in processor row imodN and subcliques of clique i willbe put in an array Cliques on position ((i)div(N ))modd jEjp e.Furthermore, we have three arrays that are also used in the sequential algorithm:struct Place *Location[d jV jM e];struct DegLocfint Degree,Nodestruct DegLoc *Nextgstruct DegLoc *Degrees[d jV jp e];struct Vertex Vertices[d jV jp e];These arrays are almost the same as described in the sequential case only now wehave distributed them. In the sequential program Location[i] contained the namesof cliques that contained node i. In our parallel program this data is distributedamong the processors in processor column imodM . The cliquenames of cliques thatcontain node i are distributed in the following way: If i 2 Kj then cliquename j isstored in processor (jmodN ,imodM ) in the list Location[idivM ]. This means thatglobally we need O(NM jV jM ) storage capacity for storing the cliquenames. This is Ntimes more than in the sequential case. But in our parallel program we have to sendcliquenames to other processors. This is because every processor has to know whichsubcliques it has to merge. Since we distributed the cliquenames, we can do thisin parallel. Otherwise we had to send these cliquenames from one processor whichcould result in an expensive h-relation. We had to make a choice between memoryand speed. Node i is stored in processor imodp on position idivp in array Verticeswhich locally keeps track of the degrees of the nodes. Degrees[i] in our sequentialprogram contained a node of degree i if there were any left in the elimination graph.Degrees[i] in processor q contains nodes j from the current elimination graph suchthat jmodp = q and the degree of node j modulo jV jp equals i. Array Degrees is ahash array and Degrees[i] contains a list of nodes.3.3 Program functionsThe basic minimum degree algorithm consists of four steps:1. Choose minimum degree node2. Merge cliques containing this node3. Update nodes that need it 28



4. Remove minimum degree nodeWe will give a description of these steps and a time analysis in terms of the BSPparameters. For further information about the BSP model see([3], [11])3.3.1 Choose minimum degree nodeIn the sequential algorithm we could �nd the minimum degree node in O(1) timebecause we only used one processor. If we put all information about the nodesstored in arrays Degree and Vertices on one processor we could also do this in theparallel case. But we distributed this information, so we �rst have to determine theminimum degree node locally. After that we broadcast this degree and the node toall processors in the same row. Then we choose the minimumdegree node from thisset and broadcast it to processor in the same column. After this every processorknows the minimum degree and the minimum degree node. This means that wehave �ve steps in determing the minimum degree:1. Search minimum degree locally2. Broadcast it to processors in the same processor row3. Choose minimum degree per row4. Broadcast it to processors in the same processor column5. Choose minimum degree from the values broadcast in step 4Time analysis:Step 1 takes 1 time step. Broadcasting it to M � 1 processors is a 2(M � 1)relation, because we send the minimumdegree node and its degree. So step 2 takes2(M � 1)g time. Then we have to check M minimum degree candidates. Thus step3 takes 2M operations. Step 4 is a 2(N � 1) relation and takes 2(N � 1)g time.Step 5 takes 2N steps using the same argument as step 3. Furthermore, we havesynchronisation after step 2 step 4 and step 5. So the total amount of time for�nding the minimum degree is:1+ 2(M � 1)g+2M +2(N � 1)g+ 2N + 3l = (2N +2M +1)+ 2(M +N � 2)g+3lThis is quite a lot more time than in the sequential case. But this step is notthe most time consuming step in our algorithm. So we allow this step to be morecostly than in the sequential case.3.3.2 Merging cliquesAfter we have found a minimum degree node, we have to merge all cliques contain-ing this node to create a new clique without this node. Because of our distributionthis means merging the subcliques in the same processor column. First we haveto broadcast the names of the cliques we want to merge to all processors of theresponsible processor row. If one of these cliquenames is i then all processors inrow i mod N need to know this cliquename to see if they contain a subclique of it.After that, processors that contain subcliques of cliques to be merged, �rst mergesubcliques locally and then send the result to one responsible processor in the samecolumn. This processor merges all subcliques. Thus we have the following steps for29



merging cliques:1. Broadcast cliquenames to the processor rows2. Check if the processor has any subcliques of these cliques and merge them locally3. Send these results to one processor in the column4. Merge these results received by a processor and insert the new subcliques3.3.3 Mergefk is the minimum degree node and p(s; t) is the processor numbergsuperstep(0)if (t = kmodM ) thenPut a cliquename from set Location(k)div(M)into set Name of processors p(�; t) 6= p(s; t)If Location(k)div(M) is emptythen send a �1.for all	(i) 2Location(k)div(M) ,i = f0; 1; :::; jLocation(k)div(M)j � 1gPut 	(i) into set Names1 in processor p(s; imodM )superstep(1)if (t = kmodM ) thenncn=smallest positive number in set NameName= ;Put ncn into ncn in processors p(s; �) 6= p(s; t)Put all cliquenames in set Names1 into set Names2in processors p(s; �) 6= p(s; t)superstep(2)SC = ;for each (l 2Names1SNames2)Check if list Cliques((l)div(N))mod(d jEjp e)contains a subclique SCl of clique lSC = SCSSClRemove SCl from list Cliques((l)div(N))mod(d jEjp d)Put SC into SCs in processor (ncnmodN; t)superstep(3)if s = ncnmodN thenSC = SN�1i=0 SCi, i 6= sInsert SC as subclique of clique ncn in listCliques((ncn)div(N))mod(d jEjp e) 30



Time analysis:We will now give a time analysis of the merging of cliques using BSP parame-ters. First we will make some assumptions to simplify the analysis. Suppose wehave a node k and d cliques of size c that contain this node. We assume that thecliques are equally distributed among the processor rows and each processor has anequal part of all cliques in his processor row. Thus every processor contains dN sub-cliques of size cM . Note that this is a very ideal case. We want to eliminate node kand merge these cliques into a new cliqueK such that k 62 K. What will this cost us?In superstep 0 we send a cliquename or a -1 (a nil element) fromprocessors p(s; kmodN )to other processors in that processor column because we have to determine the newcliquename. This is a (N �1)-relation. The information which cliques contain nodek is located in processors p(�; kmodM ) in array Location. These d cliquenames areequally distributed among these processors and we send them to processors in thesame processor row. This is a dN -relation.In superstep 1 we choose a cliquename for the new clique from a set of N members.This costs us N time. We also send this new cliquename to processors not locatedin processor column kmodN . Every processor in this processor column sends it toall processors in its own processor row. This is a M � 1-relation. Furthermore, wesend all cliquenames we received to all other processors in that processor row. Thisis the second phase of a two phase broadcast (see [2] p. 6). Every processor sendsdNM cliquenames and receives dNM (M�1) cliquenames. Thus a dNM (M�1)-relation.In superstep 2 every processor has received the proper cliquenames and will lookinto its hash array Cliques to see if it contains subcliques of these cliques. Thiscosts dNO(1) time, since we do not expect more than O(1) subcliques per entry inhash array Cliques. For merging the subcliques locally we use an array for markingand unmarking the elements. Because we have dN subcliques per processor of sizecM merging them locally costs at most 2 cdMN time. Furthermore we send the resultto the responsible processor in the processor column. Since the result can have atmost size cM this will be a (N � 1) cM relation.In superstep 3 we will merge these results using an array for marking and un-marking the clique elements. This will cost us at most 2N cM time. Furthermore weuse 4l synchronisation. This results in the following equation in BSP parametersfor the time of a merge operation:(N +M + 2 dN + NM c� 2� dNM � cM )g + N + dN O(1) + 2 cdMN + 2NM c + 4l(3.1)If we would merge these cliques sequentially then we would use d steps to �nd thecliquenames and dc time to mark the elements in an array to determine the lengthand the elements of the new clique. After that we need at most dc steps to unmarkthe array. We thus need a total of 2dc + d time. If we look at equation (3.1) wesee that if dc is relatively small compared to N and M , (N � 1 +M � 1)g, N and4l will become a substantial part of the total time of the parallel merge. Chancesof getting any speed up will then be small. Furthermore there will be no speed up31



if cNM g � 2dc or 2dgN � 2dc. If M = N = pp then g � 2d and g � cpp is neededfor any speed up. Above inequalities and equations show that if we want any speedup, d and c must not be small. This can be a problem at the start of the program.Since the size of the cliques at the beginning of the program is two and d equalsthe degree of the minimum degree node. This means that the parallel program willprobably run slower in the beginning compared to the sequential program. Butcan the parallel program make up for this lost time? This will only happen if dand c will be larger during the during the rest of the program. Furthermore, theassumptions we made are very ideal. This means that in reality things will only beworse in the parallel case.3.3.4 Updating nodesWe have merged cliques containing a node k to become a new clique K. The degreesof nodes in clique K may have changed. Thus we have to calculate the new degreeof these nodes. When one wants to determine the degree of a node j then this isthe cardinality of the union of all cliques containing j minus 1. Thus in determingthe degree of node j we can merge all cliques containing node j in the same way aswe did in function Merge. But this means sending subcliques to other processorswhich will result in a lot of communication.Is it possible to avoid sending entire subcliques in full integer representation to otherprocessors and still be able to calculate the degree of node j? We can do the follow-ing: �rst one locally merges the subcliques of cliques containing j. Then one codesthe resulting subcliques to one number. If we have processor p(s; t) then a subcliquein processor p(s; t) can only contain the elements t; t+M; t+ 2M; :::; t+ bV �tM cM .We code the resulting subclique into a 32 bit binary number in the following way:If x is an element from a resulting subclique in processor p(s; t) the bitnumber(xdivM )mod32 becomes a 1. After this we send the integer value of the binarynumber to all other processors in the processor column. All processor compare thebinary representation of their own number with the ones they received. If theirbinary number has a one on a certain position and other binary numbers have azero on that position, then this processor is the only processor in that column thatcontains numbers in the resulting subclique that are coded to that position. Thismeans that processors in the same column can �nd out which elements of theirsubclique are unique. These numbers they do not have to send to the responsi-ble processor in the column since they are unique. They thus send the amount ofunique numbers and the numbers that are not unique. The numbers that are notunique are merged together and their number is added to the number of uniquenumbers. If one adds up this value from di�erent columns minus one then one getsthe degree of j. The advantage of such a technique is that one does not have tosend entire subcliques to other processors. Thus one expects that the amount ofcommunication decreases. A drawback of this technique is that we need an extrasuperstep for sending the coded numbers to other processors.We compared this method (method 2) with the conventional method of sendingentire subcliques to other processors (method 1). We used one processor column.One processor generated for every processor in the column a random subclique ofelements between 0 and 999. The elements were chosen with an certain probabilityt (0 < t � 1). After that we let method 1 and method 2 calculate the cardinality32



of the union of these cliques (subcliques if we have more columns). We timed bothmethods to see which one would be faster. Furthermore we calculated the size of theh-relations and the number assignments. We tested these methods on a cluster ofSun 4/20 workstations using an Ethernet. We used di�erent numbers of processorsvarying from 4 to 8 and we tested it 40 times. It turned out that method 2 wasalways faster than method 1. Usually three to four times faster. Even when thesize of the h-relations and the number of assignments were larger than method 1.This is very strange because using the BSP model one would conclude that method1 would be faster if it has lower h-relation and less assignments than method 2.We also tested the extreme case: t = 1. Thus not a single element is unique.Clearly method 2 has higher h-relations because it has to send coded numbers toother processors and check out which elements are unique. Besides this extra workmethod 2 has to do the same amount of work as method 1. Even in this extremecase method 2 was three to four times faster. One can say that a cluster of work-stations is not a very good BSP computer which is true. But still the results aresomewhat strange. We also tested both methods on a cray T3D and still method2 was three to four times faster, even in the extreme case that every processor hasa subclique of size 1000 and no clique element in a subclique of a processor is unique.Experiments show that method 2 is about four times faster than method 1. Ifone would analyse this with the BSP model or any other model one would not cometo this conclusion. Why does this happen? Because of the strange results we gotwe used method 1 in our degree update. We perform a degree update on nodes ofthe newly created clique. This clique is located in a processor row.When we update the degrees we �rst calculate the size of the clique because everyprocessor has to know how many nodes will get a degree update. We also calculatethe subsize which we use in determing the order nodes will get a degree update.When we do a degree update we �rst calculate the subdegrees per column the sumof these minus one is the new degree. We thus have to do the following steps:1 calculate the size of the clique2 calculate the subsize of the clique3 send size to all processors4 for i = 0 i <size�1 doUpdate a node j from the cliqueCheck which cliquenames ought to be removedfrom sets Location of node jMerge remaining cliquesCalculate subdegreeSend subdegrees to one processorCalculate new degreeInsert new degree into data structure33



3.3.5 Degree updatef ncn is the new cliquename, Kt is a subclique of the new clique K in processor(ncnmodN ,t), lengthKt is the length of this subclique. names1 and names2 areempty. All nodes in clique K will get a degree update.gsuperstep(0)if s = ncnmodN thenput lengthKt in lengthKt in processor p(s; �)superstep(1)sublength=0;if s = ncnmodN thenlength=PM�1i=0 lengthKi /* size of the clique *//* number of nodes in other processors that will �rst *//* get a degree update */sublength=Pt�1i=0lengthKiput length in processor p(�; t)cand=-1j=0for i = 0 to i <length dosuperstep(2)if s = ncnmodN and i �sublength and i <sublength+lengthKt thennode=Kt[j]put node in cand in processor p(�,node mod M )put node in cand in processor (node mod p)j=j+1superstep(3)if cand6= �1 and t =cand mod M thenLocationcanddivM=LocationcanddivMn Cliques used for creating Kfor all �(i) 2LocationcanddivMput �(i) into set names1 in processor p(s; imodM )superstep(4)Put all cliquenames in set Names1 into set Names2in processors p(s; �) 6= p(s; t)superstep(5)SC = ;for each (l 2Names1SNames2)Check if list Cliques((l)div(N))mod(d jEjp e)contains a subclique SCl of clique lSC = SCSSClPut SC into SCs in processor p(ncnmodN; t)34



superstep(6)if s = ncnmodN thenSC = SN�1i=0 SCi, i 6= ssubdegreet=jSCjput subdegreet in subdegreet in processor p(s; 0)superstep(7)if s = ncnmodN and t = 0 thendegree=(PMi=0subdegreei)�1superstep(8)if cand6= 0 and p(s; t) =cand modM thenget degree from processor p(ncnmodN; 0)superstep(9)if cand6= 0 and p(s; t) =cand modM theninsert new degreecand=-1Time analysis:We will now give a time analysis of the function degree update. We will makethe same assumptions as we did with the function Merge. Furthermore, we startwith a clique of size c whose nodes will get a degree update.In superstep(0) we send the lengths of subcliques of K to all processors in thatprocessor row. This is a M � 1 relation.In superstep(1) we calculate the size of K en a subsize used for the degree up-dates. The size we send to all processors in the processor column. Thus we have2(M � 1) time for calculating the sizes and we have a N � 1 relation.In superstep(2) we send a node to a processor column and to a processor. Thusthis is a N relation.In superstep(3) we remove cliques we do not need anymore and the result we sendto processors in the processor row. Using the assumptions this costs dN time anda dN relation. Using the same arguments and assumptions it is easy to see thatsuperstep(4) is a dN � dNM relation.Using the same arguments as in superstep(2) and superstep(3) of function MergeSuperstep(5) costs: 2 cdMN + dNO(1) + (N � 1) cM g time. Superstep(6) costs: 2N cMtime and we have a M � 1 relation because we send M � 1 subdegrees to oneprocessor.In superstep(7) we add up M subdegrees thus this costs M time. Then the respon-sible processor gets the degree from this processor and inserts it if necessary intothe data structure. Thus superstep(8) is a 1 relation and superstep(9) costs O(1)time.For the time of a degree update for one node we have to divide the time of superstep0 en 1 because these are called once during the degree update of a clique of size c.This results in the following formula: 35



(N � 1c + M � 1c +M + N + 2 dN + N cM � dNM � cM )g+2M � 1c M + dN + 2 cdMN + dN O(1) + 2N cM +O(1)� 2 + 7l + 2c l (3.2)We see that part of the formula looks like the cost formula from the merge function.This is not strange since we use a merge to determine the degree of the nodes. Ifwe do a sequential degree update on node i then we merge cliques that contain thisnode and the size of this new clique minus one is the new degree. Furthermore weneed O(1) time to insert the new degree. Thus the time for a degree update is thetime for a merge plus O(1): 2cd+ d+ O(1). We see that a parallel degree updatecosts more than a parallel merge, but the sequential degree update only costs O(1)time more than the sequential merge. Thus the problems we had with the parallelmerge compared with the sequential merge we also have with the parallel degreeupdate compared with the sequential degree update.3.3.6 Remove minimum degree nodeAfter we have done a degree update on nodes of the new clique we remove theminimum degree node k. This means we remove the minimum degree node fromarray Vertices in processor kmodp and choose a new local minimum degree node inthis processor. Furthermore we eliminate the cliquenames of cliques that containednode k in array Location and we reset array cliquecount in which we marked thecliquenames of cliques containing node k. This means we have to do the followingsteps:1 eliminate the minimum degree node locally2 chose new minimum degree node locally3 remove cliquenames of minimum degree node and reset array cliquecount4 insert minimum degree node in the ordering created so farstep 1,2 and 4 takes a total of O(1) time since we know the position of node kin array Vertices and we locally keep track of the minimumdegree node in the sameway as we did in the sequential case. If we use the same assumptions about thecliques and the cliquenames as we did with function merge step 3 takes dN g time toreset array cliquecount and dN time to remove the cliquenames of minimum degreenode k. Furthermore we synchronise after step 2 and step 4. Thus the total timefor this function is: O(1) + dN g + dN + 2l (3.3)3.4 ResultsWe tested the parallel program (using no acceleration techniques) on the matrixbcsstk17 and used several types of row-column con�gurations. The overall time ofthe program and the time used by supersteps separately was measured. Further-more, we tested the parallel program on one processor on several matrices to see36



how it would perform compared to the sequential program. A Cray T3D was usedfor our measurements of the parallel program. The comparison with the sequen-tial program was done on a Sun sparc 10 with 32 MB internal memory. Time ismeasured in seconds and we got the following results for our program:matrix time1138bus 0bcsstm13 30bcsstk28 223lshp3466 15bcsstk13 182bcsstk18 567bcsstk25 1992bcsstk17 822Parallel program tested on one processor on di�erent matricesIf we compare these results with the basic sequential minimum degree programwe see that in the worst case the parallel program is twice as slow (bcsstm13 andbcsstk18) but on other matrices it is just as fast (bcsstk17 and bcsstk25).(row) � (column) time1� 1 6952� 2 7294� 4 5892� 8 5658� 2 7061� 16 7321� 4 696Di�erent con�gurations tested on a Cray T3DThere is some decrease in time if we used a larger number of processors but thisdecrease is not signi�cant compared to the number of processors we used. If oneuses 16 processors one would expect that the program runs at least p16 = 4 timesfaster which is clearly not the case.Parts of the program that can be done in parallel are found in functions Mergeand DegreeUpdate. These are superstep 14,15,16 and 17 (Merge) and 20,21,...30(DegreeUpdate) in our parallel program (see Appendix B). Since a merge occurs atmost 10018 times the amount of time used by the function Merge is not very large.We will concentrate our discussion on the function DegreeUpdate. The total timeused by function DegreeUpdate on a 4� 4 con�guration is 516.88 seconds. This is87% of the total time. Just like in the sequential case the degree update is the mosttime consuming part of the program. The supersteps in function DegreeUpdate arecalled at least 1,000,000 times for every con�guration we used. This means thatalthough function DegreeUpdate consumes most of the time during the execution ofthe program, the average time of a superstep in function DegreeUpdate is relativelysmall. Most time is spent in superstep 26. This is the superstep in which subcliquesare merged together in one processor and sent to a processor in the same column.On a 1 � 1 con�guration it takes 0.000274 seconds and on a 2 � 2 con�guration it37



takes 0.000216 seconds.Why does the algorithm not run faster on more processors than on one processor?To answer this question one has to look at the times of the separate supersteps. Inour program we have 25 supersteps. These supersteps have a number between 1and 31. We measured the total time of each superstep, the average time and thenumber of times it was called. Superstep 3,4 and 5 are used for reading the nonzeros (cliques of size two) and putting them in the data structure in the correctprocessor. The times for this di�er from 28.4 seconds on a 1 � 1 con�guration to33.5 seconds on a 1� 16 con�guration. This di�erence is not very large comparedto the total time. It is understandable that it takes more time if we use more thanone processor since we also have communication. If we do not take the reading ofthe data into account superstep 13 has the highest average time. The di�erencesof time of this superstep on di�erent con�gurations are small. This is not strangesince in superstep 13 only processor 0 performs a task. The times for superstep13 di�er from 28.8 on a 4 � 4 con�guration to 32.7 on a 2 � 2 con�guration. It isunderstandable that above supersteps more or less use the same amount of timeon di�erent con�gurations, since it is di�cult to perform these supersteps in parallel.If we look at the total times of the program on di�erent con�gurations, the dif-ference is at most 23%. Part of this di�erences originate in the fact that if we usedi�erent number of processors we can get a di�erent ordering. The reason for thisis that if we have p processors we choose the new minimum degree node from pcandidates. If more than one has minimum degree then this choice does not haveto be unique. One ordering can be harder to calculate than an other. Thus thedi�erences in total time are not very large. This means that the time saved by doingsome things of the algorithm in parallel is lost by time spent on communication andsynchronisation that are needed in a parallel program.So the question remains: How can we decrease the h-relations and the volumeof communication? Large parts of communication involve sending cliquenames andsubcliques to processors. If one wants to decrease communication of cliquenamesthen this means storing more information locally. This means a larger data struc-ture. The communication of subcliques is more or less a consequence of the choiceof our data structure.In our theoretical time analysis we already saw that there probably would notbe a large speed up. So one can ask the question: Is there a better data structure?If one wants to �nd such a data structure one has to search for a structure that canperform a degree update very e�ciently. Furthermore, one can perform a degreeupdate for di�erent nodes at the same time. The problem with this is that somenodes can be contained in the same cliques.The input of the program is very irregular. This means that if two input graphshave the same number of nodes the amount of edges and the way they are connectedcan di�er. As a consequence of that the distribution of every graph is di�erent andthus also the volume and pattern of communication. Furthermore the informationthat is communicated is used in the next superstep. This means that if we coulduse the new BSP library we do not have to allocate static arrays for information of38



other processors. This would make the program somewhat faster. But the problemlies in the data structure and the amount of communication. One wants a datastructure that does not have to send entire subcliques to other processors if we doa degree update on a node.
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Chapter 4Conclusions/Future workUsing the BSP model we saw that the functions merge and degree update wouldcost a lot of time. We also saw the cause of it: to much communication. Especiallymany-to-one communications. Thus if we want to improve the algorithm then wehave to lower the number of many-to-one communications. One also could see fromthe experimental results that communication is a bottleneck. The times on oneprocessor were just as fast as times on more processors which suggests that com-munication is responsible for it. It also shows that the BSP model is a good modelin explaining the (disappointing) parallel results one gets.The results of the parallel minimum degree program are not very promising. Nev-ertheless we believe that some things can be improved. Especially if we use the newBSP library (see [6]). The advantage of the new library is that we do not have toallocate static arrays anymore for communication when we use the communicateddata the next step. This is very useful since in our program the communication isvariable and so is the number of processors that send data to other processors. Thisis due to the fact that our input is a graph with jV j nodes and jEj edges and we donot know if there is any structure in it.The problem of the basic parallel minimum degree algorithm is the amount of com-munication and its structure. In functions Merge and DegreeUpdate we have a largemany-to-one communication, sending subcliques to one processor in a processor col-umn. After that only processors in that row do something. The other NM �Mprocessors are idle. A solution for this problem is multiple elimination. With thiswe change the many-to-one communication to a many-to-many communication andthe next step all processors have to do something useful.If we have a set S of N nodes for multiple elimination we can thus make N newcliques inN processor rows. At the moment that all processors have the cliquenamesthat will be used for merging, every processor will look in its hash array Cliques tosee if it contains subcliques of cliques that contain a node from S. Every processormakes N subcliques and sends these subcliques to the responsible processor in itsprocessor column. Thus every processor sends N � 1 subcliques and receives N � 1subcliques. After that we can create N new cliques and delete N nodes at once.Using this we do not have a many-to-one communication anymore and none of theprocessors is idle after this communication step.41



If multiple elimination saves some time then this will not be enough since almost85% of the time of the minimum degree program is used by function DegreeUp-date. Thus we also have to lower the time used by function DegreeUpdate. Wecan decrease the number of degree updates by using mass elimination. If we have aset S of nodes for mass eliminationwe can merge all cliques containing nodes from S.If we merge cliques or do an degree update it often happens that we have clique-names in a processor that has to send this information to all processors in itsprocessor row so that every processor can look if it contains a subclique of thesecliques. Thus one always sends this information to all processors in the processorrow even if only two processors contain a subclique of this clique. What one can dois to introduce a master for every clique. If we send cliquenames this informationis only relevant for processors that contain subcliques of these cliques. When wesend cliquenames from lists from arrays Location we �rst send the cliquename to theprocessor that is the master of this clique. This processor knows which processorscontain a subclique of this clique and only sends the cliquename to these processors.If we distribute the masters we will get a better load balance.Furthermore we described two methods for doing a degree update. It is possi-ble to use the second method even when it is not clear why it is faster than the �rstmethod. All these improvements can lead to a faster minimum degree algorithm.If we can use the new BSP library this will also lead to less static arrays for com-munication.If we want to improve the parallel minimum degree program we have to imple-ment multiple elimination and mass elimination. Furthermore, we can implementthe second method for communication of subcliques and we can use the idea ofmasters for cliques. To implement it e�ciently we will have to use the new BSPlibrary.
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Appendix AThe sequential programWe will now present a listing of the sequential minimum degree program that weused. The program uses the acceleration tecniques mass elimination and multipleelimination and uses the datastructure described above. The input is standardinput and the output is standard output. The �rst line of the input has to containthe size of the matrix V and the number of nonzeros E, because before we startwe have to initialize a couple of arrays. Every other line contains 2 integers thatare the location of a nonzero in the matrix and every location of a nonzero occursonce in the input�le. Because this is a program for symetric matrices we only readnonzeros from the lower triagular part of the matrix.Main program#include<stdio.h>#include <stdlib.h>#define NONZ 300000#define N 20000/**********************Variable Declaration********************//***********************Datastructure********************************/int *Cliques[NONZ], Length[NONZ], Degree[N];struct Place{int CliqueName;struct Place *Next;};struct Place *Location[N];struct Vertex{int NextNode,PrevNode,Degree,SNL;}; 43



struct Vertex Vertices[N];/****************************End Datastructure************************//* arrays used for flagging */int n[N],CliqueCount[NONZ],NodeCount[N],UC[NONZ],RN[N],h1[N],m[N];int Order[N],LgthOrder,LengthRN,LengthUC,lengthn,i,Neighbor[N],lengthm;int E,V,mindeg;/*******************************Functions*************************/void InitArray(int *Length, int E){int i;for(i=0;i<E;i++)Length[i]=0;}void InitDegree(int *Degree, int V){int i;for(i=0;i<V;i++)Degree[i]=-1;}void InitVertices(struct Vertex *Vertices, int V){int i;for(i=0;i<V;i++){Vertices[i].NextNode=i;Vertices[i].PrevNode=i;Vertices[i].Degree=0;Vertices[i].SNL=i;}}int MinDegNode(int *mindeg,int *Degree){return Degree[*mindeg];}void Update(int *Degree,struct Vertex *Vertices,int *mindeg,int i,44



int NewDeg){/* when reading nonzeros from matrix A, this funtion increasesthe degree of i by one and changes the array Degree ifnecessary */int l,k;/* check if node i is a representative of the nodes with thesame degree as i in the array i. If so then it has tobe changed, since were gonna increase the degree of i by one.We can find a new candidate, via the double cyclic linked list.If there is no candidate it gets the default value -1 */l=Vertices[i].NextNode;k=Vertices[i].PrevNode;Vertices[k].NextNode=l;Vertices[l].PrevNode=k;if(Degree[Vertices[i].Degree]==i){if(l==i)Degree[Vertices[i].Degree]=-1;else{Degree[Vertices[i].Degree]=l;}}/* change degree of node i and check if there is arepresentative for node with that degree. If so insertnode i in that double cyclic linked list. If not makenode i the representative of node with such a degree */if(NewDeg<0)Vertices[i].Degree++;else{Vertices[i].Degree=NewDeg;if(NewDeg<*mindeg)*mindeg=NewDeg;}if(Degree[Vertices[i].Degree]==-1){Degree[Vertices[i].Degree]=i;Vertices[i].PrevNode=i;Vertices[i].NextNode=i;}else{l=Degree[Vertices[i].Degree];k=Vertices[l].NextNode;Vertices[i].NextNode=k;Vertices[l].NextNode=i;Vertices[i].PrevNode=l;Vertices[k].PrevNode=i; 45



}}void Reading(int *Length,int *Degree,struct Vertex *Vertices,struct Place **Location,int **Cliques,int *mindeg){/* reads the nonzeros of A from the input line as pairs (i,j) whichare the positions at which A has nonzeros. These nonzeros areinserted in the datastructure */int i,j,number,size;char line[30];struct Place *z;/* number is the number of cliques created so far *//* we wil start with number 1 becuase we also usenegative cliquenumbers */number=1;*mindeg=N;while(fgets(line,sizeof(line),stdin)!=NULL){sscanf(line,"%d %d",&i,&j);if(i!=j){/* update Degree and degree nodes */Update(Degree,Vertices,mindeg,i,-1);Update(Degree,Vertices,mindeg,j,-1);/* create new clique of size 2*/size=2*sizeof(int);Cliques[number]=(int *)malloc(size);Cliques[number][0]=i;Cliques[number][1]=j;Length[number]=2;/* insert cliquename in Location array on positions i and j */z=(struct Place *)malloc(sizeof(struct Place));z->CliqueName=number;z->Next=Location[i];Location[i]=z;z=(struct Place *)malloc(sizeof(struct Place));z->CliqueName=number;z->Next=Location[j];Location[j]=z;number++; /* increase by one for the next new clique*/}}}#include "merge.c"#include "degrupda.c" 46



#include "remove.c"#include "masselim.c"#include "multiple.c"/********************************Program Body***************************/main(int argtc,char **argv){char line[30];int i,j;struct Place *r;fgets(line,sizeof(line),stdin);fgets(line,sizeof(line),stdin);sscanf(line,"%d %d",&V,&E);InitArray(CliqueCount,(E+1));InitArray(h1,V);InitArray(Length,(E+1));InitArray(NodeCount,V);InitArray(Neighbor,V);InitDegree(Degree,V);InitVertices(Vertices,V);Reading(Length,Degree,Vertices,Location,Cliques,&mindeg);LengthRN=0;LengthUC=0;lengthn=0;LgthOrder=0;mindeg=0;while( (Degree[mindeg]<0) && (mindeg<V) )mindeg++;for(i=0;i<V;i++){if(Vertices[i].Degree==0){Vertices[i].Degree=2*V;Order[LgthOrder]=i;LgthOrder++;}}while(LgthOrder<V){m[0]=Degree[mindeg];lengthm=1;MultipleElimination(&lengthm,m,Length,Cliques,Vertices,Location,mindeg,1,Degree,h1,V);47



for(i=0;i<lengthm;i++){n[0]=m[i];lengthn=1;MassElimination(&lengthn,n,h1,Cliques,Length,Location);Merge(lengthn,n,Cliques,Length,CliqueCount,NodeCount,Neighbor,Vertices,Location,UC,&LengthUC,RN,&LengthRN,h1) ;}DegreeUpdate(&LengthUC,UC,Length,Cliques,NodeCount,h1,Degree,Vertices,Location,&mindeg,CliqueCount);RemoveNodes(RN,LengthRN,Order,&LgthOrder,Location,Cliques,Vertices,CliqueCount,Length,Degree);while( (Degree[mindeg]<0) && (mindeg<V) )mindeg++;LengthUC=0;LengthRN=0;lengthn=0;lengthm=0;if(mindeg==V-LgthOrder-1){for(i=0;i<V;i++){if(Vertices[i].Degree!=2*V){Order[LgthOrder]=i;LgthOrder++;}}}}printf("%d\n",LgthOrder);printf("%d %d\n",V,E);for(i=0;i<LgthOrder;i++){printf("%d \n",Order[i]);}}Mergevoid Put(int *k,int l,int *Neighbor,int *h1,int *klength,int *m){/* flags the nodes from clique k in array Neighbor, whoseflagged elements are nodes for the new clique */48



int i;for(i=0;i<l;i++){/* check if it's not one of the nodes which we are eliminating */if(h1[k[i]]==0){/* check if the node is a new node in the new clique */if(Neighbor[k[i]]==0){m[*klength]=k[i];(*klength)++;Neighbor[k[i]]=1;}}}}int *MakeNewClique(int *m,int klength,int *Neighbor){int *l,size;size=klength*sizeof(int);l=(int *)malloc(size);for(i=0;i<klength;i++){l[i]=m[i];Neighbor[m[i]]=0;}return l;}void Merge(int lengthn,int *n,int **Cliques,int *Length,int *CliqueCount,int *NodeCount,int *Neighbor,struct Vertex *Vertices,struct Place **Location,int *UC,int *LengthUC,int *RN,int *LengthRN,int *h1){/* array n contains lengthn nodes which we want to eliminate andwhich are indistinguisable. First all cliques which contain atleast one of these nodes will form a new clique.The new clique wil be inserted in the position of one of theold cliques and this position will be stored in the arrayUC (UpdateCliques) which contains numbers of cliques whose nodesneed a degree update LengthUC is the number of elements in UC.RN (RemoveNodes) is a array of nodes which are to be eliminated from thecurrent elimination graph */struct Place *p;int klength,*k,l,i,j;int m[N]; 49



klength=0;for(i=0;i<lengthn;i++)h1[n[i]]=1; /* flag nodes which are to be eliminated *//* traverse all cliques which contain nodes from n, in sucha way that we don't visit the same clique twice. For thiswe use the array CliqueCount to flag cliques */for(i=0;i<lengthn;i++){p=Location[n[i]];while(p!=NULL){/* check if clique already has been visited */if(CliqueCount[p->CliqueName]==0){/* Check if node n[i] is a supernode */if(Vertices[n[i]].Degree>0){CliqueCount[p->CliqueName]=1;k=Cliques[p->CliqueName];l=Length[p->CliqueName];Put(k,l,Neighbor,h1,&klength,m);}else/* This means that this clique is visited by a non-supernode */CliqueCount[p->CliqueName]=3;}else{if(CliqueCount[p->CliqueName]==3){if(Vertices[n[i]].Degree>0){CliqueCount[p->CliqueName]=1;k=Cliques[p->CliqueName];l=Length[p->CliqueName];Put(k,l,Neighbor,h1,&klength,m);}}}p=p->Next;}}if(klength>0){k=MakeNewClique(m,klength,Neighbor);/* j will be the name of the new clique */j=Location[n[0]]->CliqueName;/* j is flagged 2 in CliqueCount to make sure that if we erase oldcliques, we don't erase j. All cliques wich are flagged 1 or 3in CliqueCount are old */ 50



CliqueCount[j]=2;free(Cliques[j]);Cliques[j]=k;Length[j]=klength;CliqueCount[j]=2;/* insert in every Location of the nodes of the new clique theclique number j as a negative number. So if we do a degreeupdatewe know that this is the new clique */for(i=0;i<klength;i++){/* we don't have to update the lists of nodes which aren't supernodesbecause we update their representatives */if(Vertices[k[i]].Degree>0){p=(struct Place *)malloc(sizeof(struct Place));p->CliqueName=-j;p->Next=Location[k[i]];Location[k[i]]=p;NodeCount[k[i]]=1;}}/* Update set UC and RN */UC[(*LengthUC)]=j;(*LengthUC)++;}for(i=0;i<lengthn;i++){RN[(*LengthRN)]=n[i];(*LengthRN)++;h1[n[i]]=0;}}Degree Updatevoid CheckClique(int c,int l,int **Cliques,int *mlength, int *m,int *h1){/* checks if a clique with cliquename c and length l has somenew nodes which we haven't yet counted, search of the new degreeof a node. For this we use array m and array h1 for flagging. Ifthere is a new node then it is put in m en mlength is increased byone */int i, *k;k=Cliques[c];for(i=0;i<l;i++){if(h1[k[i]]==0){h1[k[i]]=1; 51



m[(*mlength)]=k[i];(*mlength)++;}}}void DegreeUpdate(int *LengthUC,int *UC,int *Length,int **Cliques,int *NodeCount,int *h1,int *Degree,struct Vertex *Vertices,struct Place **Location,int *mindeg,int *CliqueCount){/* will make a degree update of the nodes containded in cliqueswhose clique number is contained in array UC of length LengthUC,furtermore, if a newdegree is smaller than mindeg then mindeg willchange to that value. The cliques contained in UC can have someoverhead with eachother (we hope so) so we use a flagging arrayNodeCount to check this. This can save a lot of work.*/int m[N],l,i,j,c,*k,mlength,t;struct Place *z,*p,*x;for(i=0;i<(*LengthUC);i++){l=Length[UC[i]];k=Cliques[UC[i]];for(j=0;j<l;j++){mlength=0;/* check if we haven't visit this node in an other clique whichneeded an degree update */if(NodeCount[k[j]]==1){NodeCount[k[j]]=0;/* check if node k[j] is a supernode */if(Vertices[k[j]].Degree>0){/* we don't want to count the node itself in it's degreeupdate */h1[k[j]]=1;z=Location[k[j]];p=Location[k[j]];/* traverse all clique names which contain node k[j] andcheck if the clique has to be removed/emptied. If soeliminate this clique name from the list Location[k[j]].The cliques we don't remove we count the number ofdifferent nodes in the cliques. For this we usean array m and mlength. mlength will become the new degree*/while(p!=NULL){c=p->CliqueName;/* c is a new clique */if(c<0){p->CliqueName=-c;CheckClique(-c,Length[-c],Cliques,&mlength,m,h1);52



if(p==Location[k[j]])p=p->Next;else{z=p;p=p->Next;}}else{/* clique c don't have to be removed so count thenumber of different nodes it contains using m andmlength and array h1 for flagging */if(CliqueCount[c]==0){CheckClique(c,Length[c],Cliques,&mlength,m,h1);if(p==Location[k[j]])p=p->Next;else{z=p;p=p->Next;}}else{/* clique c has to be removed/emptied from listLocation[k[j]]. check first if c is a the beginningof the list or not */if(p==Location[k[j]]){p=p->Next;z->Next=NULL;free(z);z=p;Location[i]=z;}else{x=p;p=p->Next;z->Next=p;x->Next=NULL;free(x);}}}}Update(Degree,Vertices,mindeg,k[j],mlength);h1[k[j]]=0;for(t=0;t<mlength;t++)/* reset flagged array h1 for other node which needa degree update */h1[m[t]]=0;}}} 53



}}Remove Nodesvoid RemoveNodes(int *RN,int LengthRN,int *Order,int *LgthOrder,struct Place **Location,int **Cliques,struct Vertex *Vertices,int *CliqueCount,int *Length,int *Degree){/* Nodes put in array RN are to be removed and put in array Orderbecause Order will give us a collumn ordering for the Choleskimatrix. Furthermore we remove all cliques containing oneof these nodes. Because we don't want to remove cliques twicewe use the array CliqueCount in which cliques are flagged ifthey have to be removed, unless if the clique is flagged 2.This means that this clique was replaced by a newly createdclique */int i,l,k,node,d;struct Place *p;for(i=0;i<LengthRN;i++){node=RN[i];Order[(*LgthOrder)]=node;(*LgthOrder)++;p=Location[node];while(p!=NULL){/* remove all cliques in list Location[node] */l=p->CliqueName;/* check if we haven't removed it already */if(CliqueCount[l]!=0){/* if clique is flagged two DON'T ERASE IT!! */if(CliqueCount[l]!=2){free(Cliques[l]);Cliques[l]=NULL;Length[l]=0;}CliqueCount[l]=0;}p=p->Next;}/* erase list of node which is removed */free(Location[node]);Location[node]=NULL;/* check if node was a representative in Degree of nodes withthe same degree, and adjust array Degree and array Vertices *//* if node is not a supernode then Vertices[node].Degree will54



have the negative value of the represantetive(supernode) sowe have to find the degree of node in a different way */if(Vertices[node].Degree<0)d=Vertices[-(Vertices[node].Degree)].Degree;elsed=Vertices[node].Degree;if(Degree[d]==node){if(Vertices[node].NextNode==node)/* node was the only node with this degree */Degree[d]=-1;else{/* node was not the only node with this degreeso we need an other representative and haveto remove node from this list */l=Vertices[node].PrevNode;k=Vertices[node].NextNode;Degree[d]=k;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;}}else{/* node wasn't a representative but still has to be removed fromthe list it is contained in */l=Vertices[node].PrevNode;k=Vertices[node].NextNode;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;}Vertices[node].PrevNode=node;Vertices[node].NextNode=node;}for(i=0;i<LengthRN;i++)Vertices[RN[i]].Degree=2*V;}Multiple Eliminationvoid MultipleElimination(int *lengthm,int *m,int *Length,int **Cliques,struct Vertex *Vertices, struct Place **Location,int mindeg,float tol,int *Degree,int *h1,int V){/* m[0] is the node with minimum degree such that m[0] is a representativeof a supernode. MultipleElimination willfind a set M containing node m[0] such that al nodes have minimum degreebut none of them are neighbours */55



int nextvertex,i,*k,flag,d,n;struct Place *p;/* h1[] contains flags on the nodes which are already in set M */h1[m[0]]=1;n=m[0];d=mindeg;while((d<=(tol*mindeg)) && (d<V)){nextvertex=Vertices[n].NextNode;while(nextvertex!=n){if(Vertices[nextvertex].Degree>0){p=Location[nextvertex];flag=0;/* check if neighbours of nextvertex aren't already in set M */while( (p!=NULL) && (flag==0) ){k=Cliques[p->CliqueName];for(i=0;i<Length[p->CliqueName];i++)if(h1[k[i]]==1)flag=1;p=p->Next;}if(flag==0){/* inserting nextvertex in set M */h1[nextvertex]=1;m[*lengthm]=nextvertex;(*lengthm)++;}elseflag=0;}nextvertex=Vertices[nextvertex].NextNode;}d++;while( (Degree[d]<0) && (d<=(tol*mindeg)) && (d<V))d++;n=Degree[d];}/* unflagging h1[] */for(i=0;i<(*lengthm);i++)h1[m[i]]=0;}Mass Eliminationvoid MassElimination(int *lengthn,int *n,int *h1,int **Cliques,int *Length,struct Place **Location){56



/* n[0] is a node with minimum degree and you want to findthe neighbours of n[0] with the same degree and with the sameadjacency list. If n[0] were the representative of a supernodethen all the indistinguisable nodes with n[0] as representativeare already put in array n[] */int i,j, *k, *z,flag,x,y;struct Place *p, *q;/* we don't want node 0 as supernode because we use negativenode numbers to refer to the supernode */if(n[0]!=0){p=Location[n[0]];/* flagging neighbours of n[0] and n[0] in h1[] */h1[n[0]]=1;while(p!=NULL){k=Cliques[p->CliqueName];for(i=0;i<Length[p->CliqueName];i++)if(h1[k[i]]==0)h1[k[i]]=1;p=p->Next;}p=Location[n[0]];/* traversing all neighbours again for mass elimination check */while(p!=NULL){k=Cliques[p->CliqueName];for(i=0;i<Length[p->CliqueName];i++){/* check if neighbour has the same degree *//* if we use multiple elimination we can do a coupleof merges before doing a degree update if a node i isput in a new clique because of a merge we insert thenegative cliquename at the beginning of the listLocation[i]. So if we are scanning nodes formasselimination nodes that contain a negativecliquename at the begining of the list are not candidatesfor that because they were also in the adjacency listof another node from the multiple elimination set andtherefore can not have the same adjacency list as anothernode from the multiple elimination set */if((Vertices[k[i]].Degree==Vertices[n[0]].Degree) && (k[i]!=n[0])&& (Location[k[i]]->CliqueName>0)){/* if so flag it, we don't want to visit the sameneighbour twice*/if(h1[k[i]]!=2){h1[k[i]]=2;q=Location[k[i]];flag=0;/* check if node k[i] has the same adjacency list as n[0] */while( (q!=NULL) && (flag==0) ){57



z=Cliques[q->CliqueName];for(j=0;j<Length[q->CliqueName];j++){if(h1[z[j]]==0){flag=1;}}q=q->Next;}if(flag==1)flag=0;else{n[(*lengthn)]=k[i];(*lengthn)++;/* make k[i] indistinguisable */Vertices[k[i]].Degree=-n[0];/* insert k[i] in SNL list and check if it isa supernode representative, if so put allthe nodes from this supernode also in the SNL listWe don't have to adjust array Degree becausethis node will be eliminated this round, sothis wil be done by remove*/x=Vertices[k[i]].SNL;Vertices[k[i]].SNL=Vertices[n[0]].SNL;Vertices[n[0]].SNL=k[i];while(x!=k[i]){y=Vertices[x].SNL;Vertices[x].Degree=-n[0];Vertices[x].SNL=Vertices[n[0]].SNL;Vertices[n[0]].SNL=x;x=y;}}}}}p=p->Next;}p=Location[n[0]];/* unflag neighbours of n[0] and n[0] in h1[] */h1[n[0]]=0;while(p!=NULL){k=Cliques[p->CliqueName];for(i=0;i<Length[p->CliqueName];i++)if(h1[k[i]]!=0)h1[k[i]]=0;p=p->Next;}}} 58



Appendix BThe parallel minimum degreeprogramMain program#include<stdio.h>#include<stdlib.h>double bsp_time();double bsp_dtime();#define SZINT sizeof(int)#define N 2#define M 3 /* N & M is the gridsize */#define SIZE 4500 /* is the maximum order of the matrix */#define NONZ 120000 /* is the maximum number of nonzeros */#define PROC 0/* Global declaration *//* used for putting subcliques in the hash array Cliques */struct Name{int SCliqueName;int SCLength;struct Name *Next;int *SClique;};struct Name *Cliques[(NONZ/(N*M)+1)];struct Place{int CliqueName;int flag;struct Place *Next;}; 59



struct Place *Location[SIZE/M+1];struct DegLoc{int Degree,Node;struct DegLoc *Next;};struct DegLoc *Degree[SIZE/(N*M)+1];struct Vertex{int NextNode,PrevNode;int Degree;};struct Vertex Vertices[SIZE/(N*M)+1];int CliqueCount[NONZ/(N*M)+1];int h1[SIZE/M+1],h2[NONZ/N+1],h3[(SIZE/M+1)][N];int E,V; /* sizes of the input */int Clength,h1Length,h2Length; /*used to keep track of the amount of data inarrays CliqueCount and h1*/int flag1,flag2; /*these are used when we are reading data*/int Order[SIZE/(N*M)+1]; /* used to store the order of the columns *//* such that i'th column of the permutationmatrix is located in processor i%(MN) onposition Order[i/(MN)]*/int cand,mr,ncn,lgthorder,gmmdn,degree,totl;int row[M][2],column[N][2];/* time testing */int super[32];float sstime[32];#include "form.c" 60



#include "read.c"#include "chosemmd.c"#include "bspmerge.c"#include "bspdegup.c"#include "bspremov.c"main(int argc,char **argv){void Reading(int s,int *lmmdn);int i,j,p,s,lmmdn, *k;char line[30];struct Name *d;struct DegLoc *z;bspstart(argc,argv,(N*M),&p,&s);/* p=number of processorss=processornumber */if(p!=(N*M)){printf("less processors obtained than requested\n");bspfinish();}/* our input will be read in by processor 0 and will have to be distributedto the right processor, by processor 0. Because were working with cliqueswhich are dynamically created we can't write the data direct in to thearray Cliques. Therefore we use another technique. Every processorhas 2 arrays we use for flagging during the execution of the algorithm.When we are reading data we will use thes arrays to temporarely storedata which is ment to be for array cliques. These 2 arrays will be filledduring the reading of the data. If there is a processor who's arrayis almost full then all arrays in every processor if flushed. e.g. allthe data in these array is moved to the right position */bspsstep(1);lgthorder=0;if(s==0){fgets(line,sizeof(line),stdin);sscanf(line,"%d %d",&V,&E);/* broadcast V and E to other processors for initialisation procedure*/for(i=1;i<(N*M);i++){bspstore(i,&V,&V,SZINT);bspstore(i,&E,&E,SZINT);}}for(i=0;i<31;i++){super[i]=0;sstime[i]=0;} 61



bspsstep_end(1);/* initialisation */bsp_time();bspsstep(2);for(i=0;i<(V/(N*M)+1);i++){Vertices[i].Degree=0;Vertices[i].NextNode=i;Vertices[i].PrevNode=i;/* in processor s, index i in array vertices equals node i*M*N+s */}if(s==0){for(i=0;i<(E/(N*M)+1);i++)CliqueCount[i]=0;for(i=0;i<(E/N+1);i++)h2[i]=0;for(i=0;i<(V/(N*M)+1);i++)Degree[i]=NULL;for(i=0;i<(V/M+1);i++)h1[i]=0;}for(i=0;i<N;i++)for(j=0;j<(V/M+1);j++)h3[j][i]=-1;bspsstep_end(2);form(bsp_dtime(),2);Reading(s,&lmmdn);if(s==PROC){printf("%d\n",0);printf("%d %d\n",V,E);}ChooseMMD(s,lmmdn);while( (degree!=(V-lgthorder-1)) && (lgthorder<V) ){bsp_time();bspsstep(13);if(s==PROC)printf("%d\n",gmmdn);bspsstep_end(13); 62



form(bsp_dtime(),13);if(degree>0){Merge(s,gmmdn);BSPDegreeUpdate(s,&lmmdn);}Remove(s,&lmmdn);ChooseMMD(s,lmmdn);}i=0;while( (i<(V/(N*M)+1)) && ((i*M*N+s)<V) ){if(Vertices[i].Degree>-1)printf("%d\n",i*M*N+s);i++;}if(s==0){for(i=2;i<32;i++){printf("superstep=%d average time=%f number=%d total time=%f\n",i,sstime[i],super[i],super[i]*sstime[i]);}}bspfinish();}Readingvoid MoveSClique(int pid,int i,int number,int rank,int *flag2){/* moves data read by processor 0 to processor pid and puts itin array cliquecount. it can only happen that we read a subcliqueof size 1 or 2. In cliquecount we put subcliques of size 1 we usetheir negative number. So if number<0 we know that i is a subcliqueof size one is number>0 we know that i is part of a subclique ofsize 2, rank tells us if number>0, if i is the first part or thesecond part of the clique. So if we read array cliquecountin a processor not equal to 0 then the first entry is thecliquenumber which also tells the length of the subclique of thatclique in that processor *//* in processor 0 cliquecount keeps track of the number of elementsin cliquecount of other processors. CliqueCount[i] gives us thenumber of elements put in this array during the reading of thenonzeros. Using this we can see when there is a array in a processorwhich is full. After that we can flush all arrays and start againwith empty arrays */int pos; 63



pos=CliqueCount[pid];if(rank==1){bspstore(pid,&number,&CliqueCount[pos],SZINT);CliqueCount[pid]++;}pos=CliqueCount[pid];bspstore(pid,&i,&CliqueCount[pos],SZINT);CliqueCount[pid]++;/* check if we are still within the length of the array. because wecan read in one step at most 3 elements in a particalar array wehave to take that into account */if(CliqueCount[pid]>(E/(N*M)+1-3))(*flag2)=1;}void InsertSClique(int *c,int l,int number){/* inserts a subclique of length 1 or 2 (l is this length) in thehash array Cliques using the cliquenumber*/int pos,*k,size,i;struct Name *z,*p;z=(struct Name *)malloc(sizeof(struct Name));z->SCliqueName=number;z->SCLength=l;size=l*sizeof(int);k=(int *)malloc(size);for(i=0;i<l;i++)k[i]=c[i];z->SClique=k;z->Next=NULL;pos=number/N;pos%=(E/(N*M)+1);p=Cliques[pos];if(p==NULL)Cliques[pos]=z;else{z->Next=p->Next;p->Next=z;}}void UpdateLocation(int node,int CliqueName){/* updates the cliques node is contained in. This is donelocally. So we know that the entry Location of nodeis contained in this processor */ 64



int pos;struct Place *p,*z;pos=node/M;z=(struct Place *)malloc(sizeof(struct Place));z->CliqueName=CliqueName;z->flag=0;z->Next=Location[pos];Location[pos]=z;}void MoveLocation(int pid,int node,int CliqueName,int *flag2){/* When we are reading the nonzeros from the input we alsohave to keep track of the cliques node are contained in. Forthis we use arrays Location which we have distributed overthe processors. Since this structure is a dynamic structurewe can not direct access this structure if we are reading inputwith processor 0. And we want to manipulate array locationin another processor. What we do is that we store the datawe want to put in array location in that other processorin a static array h1 in that processor and occassionlyflush this array (e.g. put the input in array location).Furthermore, in array h1 in processor 0 we keep track ofthe length of data put in arrays h1 in other processors.h1[i] in processor 0 corrosponds with the length of h1 inprocessor i. If one of the length gets to large we flushthem all and start again with length 0 */int l;l=h1[pid];bspstore(pid,&node,&h1[l],SZINT);h1[pid]++;l=h1[pid];bspstore(pid,&CliqueName,&h1[l],SZINT);h1[pid]++;/* check if array is full */if(h1[pid]>(V/M+1-2))(*flag2)=1;}void UpdateVertices(int node,int tag){/* node/(N*M) is postion in array vertices in that processor */65



Vertices[node/(N*M)].Degree++;}void MoveVertices(int pid,int node, int *flag2){/* updates the degree of node node. when reading the nonzerosby processor 0. Because we distributed array Verticeswe have to fetch the degree of node if it is not in processor zeroincrease it by one and store it again in that processor. Thiscan be done directly because this is a static structure */int pos;pos=h2[pid];bspstore(pid,&node,&h2[pos],SZINT);h2[pid]++;if(h2[pid]>(E/N-1))(*flag2)=1;}void Reading(int s,int *lmmdn){/*this procedure reads in the nonzeros of the matrix and distrbutesis over the processors as described in the paper. */int number,pid,pos,i,j,c[2],k,node,cliquename,l;int pos1,pos2,pos3,pid1,pid2,pid3,degree,NextNode;char line[30];struct DegLoc *d;flag1=0;number=1; /* this represents the number of cliques. We start with onebecause we also will use negative cliquenames and we don'thave a negative zero */while(flag1==0){bsp_time();bspsstep(3);if(s==0){flag2=0;while(flag2==0){if(fgets(line,sizeof(line),stdin)!=NULL){sscanf(line,"%d %d",&i,&j);/* check if it is not a diagonal entry */if(i!=j){/* check if both i and j are projected to the same column */if(i%M==j%M){ 66



/* check if processor number is processor 0 if so thenput these data direct in the array Cliques */pid=(number%N)*M+i%M;if(pid==0){c[0]=i;c[1]=j;InsertSClique(c,2,number);}else{MoveSClique(pid,i,number,1,&flag2);MoveSClique(pid,j,number,2,&flag2);}}else{/* first put node i away then node j */pid=(number%N)*M+i%M;if(pid==0){c[0]=i;InsertSClique(c,1,number);}else{MoveSClique(pid,i,-number,1,&flag2);}pid=(number%N)*M+j%M;if(pid==0){c[0]=j;InsertSClique(c,1,number);}else{MoveSClique(pid,j,-number,1,&flag2);}}pid=(number%N)*M+i%M;if(pid==0)UpdateLocation(i,number);elseMoveLocation(pid,i,number,&flag2);pid=(i%(M*N));if(pid==0)UpdateVertices(i,0);elseMoveVertices(pid,i,&flag2);pid=(number%N)*M+j%M;if(pid==0)UpdateLocation(j,number);elseMoveLocation(pid,j,number,&flag2);pid=(j%(M*N));if(pid==0)UpdateVertices(j,0); 67



elseMoveVertices(pid,j,&flag2);number++;}}else{flag1=1;flag2=1;}}/* Or we have no more data to read or there is array whichis full and we will flush all arrays. For this we broadcastthe variable flag1 because if we are at the end of the inputfile all processor must be able to go to the next superstep.Furthermore we broadcast the length of array CliqueCount andarray h1 to the processors that contain it, so they will beable to read the data into their datastructure */for(i=1;i<(N*M);i++){bspstore(i,&CliqueCount[i],&Clength,SZINT);bspstore(i,&h1[i],&h1Length,SZINT);bspstore(i,&h2[i],&h2Length,SZINT);bspstore(i,&flag1,&flag1,SZINT);CliqueCount[i]=0;h1[i]=0;h2[i]=0;}}bspsstep_end(3);form(bsp_dtime(),3);/* reading the data into the datastructure */bsp_time();bspsstep(4);if(s!=0){k=0;while(k<Clength){if(CliqueCount[k]<0){number=-CliqueCount[k];c[0]=CliqueCount[k+1];InsertSClique(c,1,number);k+=2;}else{number=CliqueCount[k];c[0]=CliqueCount[k+1];c[1]=CliqueCount[k+2];InsertSClique(c,2,number);68



k+=3;}}k=0;while(k<h1Length){node=h1[k];cliquename=h1[k+1];UpdateLocation(node,cliquename);k+=2;}k=0;while(k<h2Length){UpdateVertices(h2[k],2);k++;}}bspsstep_end(4);form(bsp_dtime(),4);}/* we have now read in the edges (as clqiues of size 2) into ourdatstructure and we know the degree of every vertex. The onlything we don't know are the entries of the array degree. We useone of such array per processor. Because we don't want to use to muchmemory we use a short array per processor and we will use hashing.which means i equals i mod MN */bsp_time();bspsstep(5);(*lmmdn)=0;for(i=0;i<(V/(N*M)+1);i++){if( (i*M*N+s)<V ){degree=Vertices[i].Degree;if(degree<Vertices[(*lmmdn)].Degree)(*lmmdn)=i;pos=degree%(V/(N*M)+1);d=Degree[pos];while( (d!=NULL) && (d->Degree!=degree) )d=d->Next;if(d==NULL){d=(struct DegLoc *)malloc(sizeof(struct DegLoc));d->Next=Degree[pos];d->Degree=degree;d->Node=i; /* local node value */Degree[pos]=d;}else{ 69



l=d->Node;k=Vertices[l].NextNode;Vertices[i].NextNode=k;Vertices[l].NextNode=i;Vertices[i].PrevNode=l;Vertices[k].PrevNode=i;}}}for(i=0;i<(E/N+1);i++)h2[i]=0;for(i=0;i<(V/M+1);i++)h1[i]=0;for(i=0;i<(E/(N*M)+1);i++)CliqueCount[i]=0;bspsstep_end(5);form(bsp_dtime(),5);}Choose minimum degreevoid ChooseMMD(int s,int lmmdn ){/* processor s knows the local minimum degree node lmmdn andwe want to know the global minimum degree node gmmdn.first we calculate the rowwise minimumn degree node and thenthe columnwise minimum degree node. s=(s/M,s%M) (2 dimensionalnumbering). Thus first broadcasting to procssors p in the smaerow. (e.g. p/M=s/M) and then broadcasting to processors in thesame column (p%M=s%M). */int i,pid;bsp_time();bspsstep(10);if(lmmdn!=-1){degree=Vertices[lmmdn].Degree;lmmdn=lmmdn*M*N+s; /*change to global value */}elsedegree=-1;/* send to processors in the same row */for(i=0;i<M;i++){pid=(s/M)*M+i;bspstore(pid,&lmmdn,&row[s%M][0],SZINT);bspstore(pid,&degree,&row[s%M][1],SZINT);70



}bspsstep_end(10);form(bsp_dtime(),10);bsp_time();bspsstep(11);gmmdn=row[0][0];degree=row[0][1];/* choose minimum degree node per row */for(i=1;i<M;i++){if( ( (row[i][1]<degree) && (row[i][1]>-1) ) || (degree<0) ){gmmdn=row[i][0];degree=row[i][1];}}for(i=0;i<N;i++){pid=i*M+s%M;bspstore(pid,&gmmdn,&column[s/M][0],SZINT);bspstore(pid,&degree,&column[s/M][1],SZINT);}bspsstep_end(11);form(bsp_dtime(),11);bsp_time();bspsstep(12);gmmdn=column[0][0];degree=column[0][1];/* choose global minimum degree node */for(i=1;i<N;i++){if( ((column[i][1]<degree) && (column[i][1]>-1)) || (degree<0) ){gmmdn=column[i][0];degree=column[i][1];}}bspsstep_end(12);form(bsp_dtime(),12);}Merge cliquesvoid SearchSC(int pos,int s,int i,int *length,int rowid){/* this procedure will look into hash array Cliques[pos] if itcontains a subclique of clique i. It will put elements of71



this subclique (if there is any) into array h3[][rowid]if and only if there not already contained in this array.To check this we use the array h1 */int j,*k,l;struct Name *c,*d;c=Cliques[pos];d=c;if(c!=NULL){if(c->SCliqueName==i){k=c->SClique;for(j=0;j<(c->SCLength);j++){/* processor s only contains elements s%M, s%M+M, s%M+2M,....*//* so node i equals index i/M in array h1 */if( (h1[(k[j]/M)]==0) && (k[j]!=gmmdn) ){h1[(k[j]/M)]=1;h3[(*length)][rowid]=k[j];(*length)++;}}/* removeing subclique*/d=c->Next;Cliques[pos]=d;c->Next=NULL;free(c);}else{/* check if processor s contains a subclique */c=c->Next;while( (c!=NULL) && ((c->SCliqueName)!=i) ){d=c;c=c->Next;}if(c!=NULL){k=c->SClique;for(j=0;j<(c->SCLength);j++){/* processor s only contains elements s%M, s%M+M, s%M+2M,....*//* so node i equals index i/M in array h1 */if( (h1[(k[j]/M)]==0) && (k[j]!=gmmdn) ){h1[(k[j]/M)]=1;h3[(*length)][rowid]=k[j];(*length)++;}}/* removing subclique*/d->Next=c->Next;c->Next=NULL;free(c);} 72



}}}void Merge(int s,int gmmdn){/* We want to merge cliques which contain node node. We willdo this in parallel. We do this by first merging subcliques ofcliques that contain node locally per processor and the resultof this we merge column wise. Thus the new clique will be distributedin subcliques over the columns *//* we have int h1[V/M+1] int h2[E/N+2] initialized on 0.note: (V/M+1>(M*N). Furthermore we have array int h3[V/M+1][N].gmmdn is the next node to be eliminated, thus we have to merge the cliquescontaining that node */struct Place *p;int pos,n,pid,i,j,length,rowid, *k,size,f;struct Name *d;/*first find the processors that contain the cliquenames of cliquescontaining node gmmdn and send this information to the processors inthe correct row using a 2 phase broadcast. First send the cliquenamesto different processors in the row, after that each processor in thatrow sends the cliquenames it received to all other processors in thatrow. Furthermore sstep 14 and sstep 15 determine the new cliquenamencn */if(degree!=0){bsp_time();bspsstep(14);/* search in which column the cliquenames of gmmdn are located */if(s%M==gmmdn%M){pos=gmmdn/M;p=Location[pos];/* if p!=Null then send the cliquename to all other processorsin the column so that a global new cliquename can be determened. Ifp=null then send a -1 */if(p!=NULL)f=p->CliqueName;elsef=-1;for(i=0;i<N;i++){pid=i*M+s%M;if(pid!=s)bspstore(pid,&f,&column[s/M][0],SZINT);else 73



column[s/M][0]=f;}/* send cliquenames to processor in the correct row(phase I)*/i=0;while(p!=NULL){n=p->CliqueName;pid=(s/M)*M+i%M; /* (s/M)*M (same row) */pos=(i/M)*M+pid%M;bspstore(pid,&n,&h2[pos],SZINT);p=p->Next;i++;}}bspsstep_end(14);form(bsp_dtime(),14);/* determine which cliquename will be the cliquename of the new cliqueand send this information to all processor in your row. Furthermore sendall information a processor contained about the cliquenames of cliquesthat will be used for merging to all other processors in the same row */bsp_time();bspsstep(15);if(s%M==gmmdn%M){ncn=column[0][0];for(i=1;i<N;i++){if( ( (column[i][0]<ncn) || (ncn==-1) ) && (column[i][0]!=-1) )ncn=column[i][0];}for(i=0;i<M;i++){pid=(s/M)*M+i;if(pid!=s)bspstore(pid,&ncn,&ncn,SZINT);}}i=0;pos=(s%M)+i*M;while( (h2[pos]!=0) && (pos<(E/N+1)) ){for(j=0;j<M;j++){pid=(s/M)*M+j;if(pid!=s)bspstore(pid,&h2[pos],&h2[pos],SZINT);}i++;pos=(s%M)+i*M;}bspsstep_end(15); 74



form(bsp_dtime(),15);/*each processor will now look into its hash array Cliques if itcontains subcliques if so merge al these subcliques togetherand remove these subcliques. Each processor can contain(V/M+1) elements at maximum. Thus we can use array h1 for markingthem, in which index i equals node s%M+i*M note:s=(s/M,s%M) */bsp_time();bspsstep(16);rowid=s/M; /* row which processor s is contained in */length=0;i=0;while(h2[i]!=0){pos=h2[i]/N;pos %=(E/(N*M)+1);SearchSC(pos,s,h2[i],&length,rowid);i++;}mr=ncn%N;/* resetting array h1 in processors that are not in the row wherethe new clique will be constructed */if(s/M!=mr){for(i=0;i<length;i++){pos=h3[i][rowid]/M;h1[pos]=0;}/* pid is the processor in the column where we send our subcliqueto */pid=mr*M+s%M;for(i=0;i<length;i++){bspstore(pid,&h3[i][rowid],&h3[i][rowid],SZINT);h3[i][rowid]=-1;}}bspsstep_end(16);form(bsp_dtime(),16);/* the processors in row mr have received the subcliques fromthe other processors in the same column. These are stored in arrayh3. They now gonna merge these to become a new subclique and willstore these subcliques in array Cliques. The name of the newclique is ncn */bsp_time();bspsstep(17); 75



if(rowid==mr){for(i=0;i<N;i++){if(i!=rowid){/* check the other subcliques for new elements */j=0;while(h3[j][i]!=-1){if(h1[(h3[j][i]/M)]==0){h3[length][rowid]=h3[j][i];h1[(h3[j][i]/M)]=1;length++;}h3[j][i]=-1;j++;}}}/* create new subclique */if(length!=0){size=length*(sizeof(int));k=(int *)malloc(size);for(i=0;i<length;i++){k[i]=h3[i][rowid];h1[((h3[i][rowid])/M)]=0;h3[i][rowid]=-1;}d=(struct Name *)malloc(sizeof(struct Name));d->SCliqueName=ncn;d->SCLength=length;d->SClique=k;pos=ncn/N;pos %=(E/(N*M)+1);d->Next=Cliques[pos];Cliques[pos]=d;}}/* All cliquenames of cliques that contain the eliminated nodewil now be flagged in array CliqueCount. Processors that containthe same cliquenames of this set stored in array h2 are locatedin the same row. Every processor in the same row will flag partof the cliquenames */i=0;while( (h2[s%M+i*M]!=0) && ((s%M+i*M)<(E/N+1)) ){pid=h2[s%M+i*M]%(N*M);pos=h2[s%M+i*M]/(N*M);j=1;bspstore(pid,&j,&CliqueCount[pos],SZINT);i++;}i=0;while(h2[i]!=0){ 76



h2[i]=0;i++;}bspsstep_end(17);form(bsp_dtime(),17);}}Degree updatevoid SearchCP(int pos,int s,int i,int *length,int rowid){/* this procedure will look into hash array Cliques[pos] if itcontains a subclique of clique i. It will put elements ofthis subclique (if there is any) into array h3[][rowid]if and only if there not already contained in this array.To check this we use the array h1 */int j,*k;struct Name *c,*d;c=Cliques[pos];while( (c!=NULL) && ((c->SCliqueName)!=i) ){c=c->Next;}if(c!=NULL){k=c->SClique;for(j=0;j<(c->SCLength);j++){/* processor s only contains elements s%M, s%M+M, s%M+2M,....*//* so node i equals index i/M in array h1 */if(h1[(k[j]/M)]==0){h1[(k[j]/M)]=1;h3[(*length)][rowid]=k[j];(*length)++;}}}}void Update(int s,int *lmmdn){/* check which processor contains information about thecliquesnames of the node that need a degree update.Search its list Location to see which cliques ought tobe remvoed. We do this by first using the flagged arrayCliqueCount to see which cliques are removed. We also77



insert the new cliquename always. A list doesn't haveto contain this new name, so we insert it anyway.*/int pos,pid,pid1,pos1,CName,i,j,length,k,l;struct Place *p,*z;struct DegLoc *d,*e;bsp_time();bspsstep(23);if( (cand!=-1) && (s%M==cand%M) ){pos=cand/M;p=Location[pos];while(p!=NULL){CName=p->CliqueName;pid1=CName%(N*M);pos1=CName/(N*M);/* if p->flag becomes 1 than this cliquename has to beremoved */bspfetch(pid1,&CliqueCount[pos1],&(p->flag),SZINT);p=p->Next;}}bspsstep_end(23);form(bsp_dtime(),23);/* we will now look which cliques ought to be removed and which onewe will use in making the degree update for the node. These cliqueswe will send to the first processor in the correct row */bsp_time();bspsstep(24);if( (cand!=-1) && (s%M==cand%M) ){i=0;p=Location[pos];z=p;while(p!=NULL){/*check if clique have to be removed */if( (p->flag)==1 ){if(p==z){p=p->Next;z->Next=NULL;free(z);z=p;Location[pos]=p;}else{ 78



z->Next=p->Next;p->Next=NULL;free(p);p=z->Next;}}else{/* send clique to the correct processor in the correct row */pid1=(s/M)*M+i%M;pos1=(i/M)*M+pid1%M;bspstore(pid1,&(p->CliqueName),&h2[pos1],SZINT);i++;if(p==z)p=p->Next;else{p=p->Next;z=z->Next;}}}/* send also ncn to the right processor and insert this cliquenamein the list Location. If it were already contained in this listwe removed it, so we always have to insert it */if(s/M==ncn%N){p=(struct Place *)malloc(sizeof(struct Place));p->Next=Location[pos];p->flag=0;p->CliqueName=ncn;Location[pos]=p;pid1=(s/M)*M+i%M;pos1=(i/M)*M+pid1%M;bspstore(pid1,&ncn,&h2[pos1],SZINT);}}bspsstep_end(24);form(bsp_dtime(),24);/* we wil now send the cliquenames contained in the processorsin array h2 to all other processors in the same row */bsp_time();bspsstep(25);i=0;pos=(s%M)+i*M;while( (h2[pos]!=0) && (pos<(E/N+1)) ){for(j=0;j<M;j++){pid=(s/M)*M+j;if(pid!=s) 79



bspstore(pid,&h2[pos],&h2[pos],SZINT);}i++;pos=(s%M)+i*M;}bspsstep_end(25);form(bsp_dtime(),25);/* every processor will now look into array Cliques to see ifit contains subcliques. These will be merged locally. */bsp_time();bspsstep(26);length=0;i=0;while(h2[i]!=0){pos=h2[i]/N;pos %=(E/(N*M)+1);SearchCP(pos,s,h2[i],&length,s/M);i++;}if(s/M!=ncn%N){/* resetting array h1 in processor that are not in therow where the new degree will be calculated */for(i=0;i<length;i++){pos=h3[i][s/M]/M;h1[pos]=0;}/* pid is the processor in the column where we send our subcliqeto */pid=(ncn%N)*M+s%M;for(i=0;i<length;i++){bspstore(pid,&h3[i][s/M],&h3[i][s/M],SZINT);h3[i][s/M]=-1;}}bspsstep_end(26);form(bsp_dtime(),26);/* the processors in row ncn%N have received the subcliques fromthe other processors in the same column. These are stored80



in array h3. They now gonna merge these to become a new*/bsp_time();bspsstep(27);if(s/M==ncn%N){for(i=0;i<N;i++){if(i!=s/M){/* check the other subcliques for new elements */j=0;while(h3[j][i]!=-1){if(h1[(h3[j][i]/M)]==0){h3[length][s/M]=h3[j][i];h1[(h3[j][i]/M)]=1;length++;}h3[j][i]=-1;j++;}}}j=0;/* length represents the subdegree of the node adding up all subdegreeswill result in the new degree of the node *//* reset array h1 and h3[][s/M] */while(h3[j][s/M]!=-1){h1[(h3[j][s/M]/M)]=0;h3[j][s/M]=-1;j++;}pid=(ncn%N)*M;bspstore(pid,&length,&row[s%M][0],SZINT);}/* reset array h2 */j=0;while(h2[j]!=0){h2[j]=0;j++;}bspsstep_end(27);form(bsp_dtime(),27);/* calculate new degree */bsp_time();bspsstep(28); 81



if(s==(ncn%N)*M){mr=0;for(i=0;i<M;i++)mr +=row[i][0];/* because we also counted the node itself in its degree update */mr -=1;}bspsstep_end(28);form(bsp_dtime(),28);bsp_time();bspsstep(29);if( (cand!=-1) && (s==cand%(M*N)) ){pid=((ncn%N)*M);/* cand has the value of the node that gets a degree update */bspfetch(pid,&mr,&mr,SZINT);}bspsstep_end(29);form(bsp_dtime(),29);/* adjust array vertices and degree because degree maybe changed */bsp_time();bspsstep(30);if( (cand!=-1) && (s==cand%(M*N)) ){/* local node value*/pos=cand/(M*N);/* check if degree is changed*/if(mr!=Vertices[pos].Degree){pos1=(Vertices[pos].Degree)%(V/(N*M)+1);d=Degree[pos1];e=d;/* search hash array for representative of nodes thathad the same degree as cand before degree update*/while( (d!=NULL) && ((d->Degree)!=Vertices[pos].Degree) ){if(d!=Degree[pos1])e=e->Next;d=d->Next;}if(d==NULL)printf("error\n");else{/* cand was a representative so we have to remove it*//* all nodes in array Degree are local node values. candis a global node value so we have to take care of that */82



if((d->Node)*M*N+s==cand){/* check if cand is the only node*/if(Vertices[pos].NextNode==pos){/*remove this pointer*/if(d==e){Degree[pos1]=d->Next;d->Next=NULL;free(d);}else{e->Next=d->Next;d->Next=NULL;free(d);}}else{k=Vertices[pos].NextNode;l=Vertices[pos].PrevNode;d->Node=k;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;}}else{k=Vertices[pos].NextNode;l=Vertices[pos].PrevNode;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;}}pos1=mr%(V/(M*N)+1);d=Degree[pos1];while( (d!=NULL) && ((d->Degree)!=mr) )d=d->Next;if(d==NULL){/*cand is the only node with this degree*/d=(struct DegLoc *)malloc(sizeof(struct DegLoc));d->Next=Degree[pos1];d->Degree=mr;d->Node=pos;Degree[pos1]=d;Vertices[pos].Degree=mr;Vertices[pos].NextNode=pos;Vertices[pos].PrevNode=pos;}else{l=Vertices[d->Node].PrevNode;Vertices[d->Node].PrevNode=pos;Vertices[pos].NextNode=d->Node;Vertices[pos].PrevNode=l; 83



Vertices[l].NextNode=pos;Vertices[pos].Degree=mr;}}if( (Vertices[pos].Degree)<(Vertices[(*lmmdn)].Degree) )(*lmmdn)=pos;}bspsstep_end(30);form(bsp_dtime(),30);}void BSPDegreeUpdate(int s,int *lmmdn){/* every processor knows the new clique name ncn, thus everyprocessor knows if it is contained in the row where cliquencn is located. Furthermore, array h1 and h2 are initialize on0 and h3 on -1 */int rowid,colid,pos,l,*k,pid,i,j,subl,node,h;struct Name *d;if(degree!=0){bsp_time();bspsstep(20);rowid=s/M; /* row coordinate of processor s*/colid=s%M; /* collumn coordinate of processor s*/if(rowid==(ncn%N)){/* find subclique of ncn and length of that subclique */pos=ncn/N;pos %=(E/(N*M)+1);d=Cliques[pos];while( (d!=NULL) && (d->SCliqueName!=ncn) )d=d->Next;if(d!=NULL){l=d->SCLength;k=d->SClique;}else{l=0;k=NULL;}/*send length of subcliques to al other processors in the same row */for(i=0;i<M;i++){pid=rowid*M+i;if(pid!=s) 84



bspstore(pid,&l,&row[colid][0],SZINT);elserow[colid][0]=l;}}bspsstep_end(20);form(bsp_dtime(),20);bsp_time();bspsstep(21);/* calculate total length of new clique and sublength, which isthe amount of nodes not located in this processor thatwil have a degree update first */if(rowid==(ncn%N)){totl=0;subl=0;for(i=0;i<M;i++){if(i<colid)subl+=row[i][0];totl+=row[i][0];}/* every processor will now know the length of the new clique.every processor in the row which contains the new clique wilbroadcast it to processors in it's row */for(i=0;i<N;i++){pid=colid+i*M;bspstore(pid,&totl,&totl,SZINT);}}cand=-1;bspsstep_end(21);form(bsp_dtime(),21);/* every processor now knows the number of nodes that need a degreeupdate */j=0;for(i=0;i<totl;i++){bsp_time();bspsstep(22);if( (rowid==(ncn%N)) && (i>(subl-1)) && (i<(subl+l)) ){node=k[j]; /* node that will get a degreeupdate *//* signal processors in the column that contains the cliquenamesof node */for(h=0;h<N;h++){pid=(node%M)+h*M; 85



if(pid==s)cand=node;elsebspstore(pid,&node,&cand,SZINT);}pid=(node%(N*M));if(pid==s)cand=node;elsebspstore(pid,&node,&cand,SZINT);j++;}bspsstep_end(22);form(bsp_dtime(),22);Update(s,lmmdn);cand=-1;}}}Remove minimum degree nodevoid Remove(int s,int *lmmdn){/* we want to remove node gmmdn out of the set of nodesthat still have to be ordered and we want to reset arraysCliqueCount, and remove the list of cliquenames of gmmdn*/int pos,pos1,pid1,deg,k,l;struct DegLoc *d,*e;struct Place *p;bsp_time();bspsstep(31);if(s==gmmdn%(M*N)){/* local node value */pos=gmmdn/(M*N);deg=Vertices[pos].Degree;pos1=deg%(V/(M*N)+1);d=Degree[pos1];e=d;/* remember d->Node is the local node value */while( (d!=NULL) && (((d->Node)*M*N+s)!=gmmdn) ){if(d!=Degree[pos1])e=e->Next; 86



d=d->Next;}if(d==NULL){k=Vertices[pos].NextNode;l=Vertices[pos].PrevNode;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;Vertices[pos].NextNode=-2*V;Vertices[pos].PrevNode=-2*V;Vertices[pos].Degree=-2*V;}else{/* check if gmmdn is the only node with this deg */if(Vertices[pos].NextNode==pos){/* remove this pointer */if(d==e){Degree[pos1]=d->Next;d->Next=NULL;free(d);}else{e->Next=d->Next;d->Next=NULL;free(d);}}else{k=Vertices[pos].NextNode;l=Vertices[pos].PrevNode;d->Node=k;Vertices[k].PrevNode=l;Vertices[l].NextNode=k;}Vertices[pos].PrevNode=-2*V;Vertices[pos].NextNode=-2*V;Vertices[pos].Degree=-2*V;}/* find new minimum deg node in this processor */if( (*lmmdn)==pos ){(*lmmdn)=-1;d=Degree[pos1];while( ((*lmmdn)==-1) && (deg<V) ){while( (d!=NULL) && (d->Degree!=deg) ){d=d->Next;}if(d!=NULL)(*lmmdn)=d->Node; /* local node value */else{deg++; 87



pos1 =deg%(V/(N*M)+1);d=Degree[pos1];}}}}/* reset arrays CliqueCount */if(s%M==gmmdn%M){pos=gmmdn/M;p=Location[pos];while(p!=NULL){pid1=(p->CliqueName)%(N*M);pos1=(p->CliqueName)/(M*N);l=0;bspstore(pid1,&l,&CliqueCount[pos1],SZINT);p=p->Next;}p=Location[pos];Location[pos]=NULL;free(p);}if( (lgthorder%(M*N))==s )Order[lgthorder/(M*N)]=gmmdn;lgthorder++;bspsstep_end(31);form(bsp_dtime(),31);}Time measurementsvoid form(float k,int i){sstime[i]=(sstime[i]*super[i]+k)/(super[i]+1);super[i]++;}
88
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